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Chapter 17

NEGATIVE RATIONAL NUMBERS

17-1. Introduction.

You will often see situations in which on one line
there are two number scales extending in opposite direc-
tions'from the origin. Here 1s an example.

Example l: One January night in Minneapolis the temperature
was 30 degrees at 6 P.M. Then, a terrible
storm came up which was not predicted by the
weather bureau and the temperature dropped
10 degrees each hour for 4 hours. What
was the temperature at 10 P.M?

Let us see how this looks on the thermometer.

: 1 lsdl«—Temperature at 6 P.M.
drop between
6 P.M. and 7 P.MM.
1 |20 «—Temperature at 7 P.M.
drop between
7 P.M. and 8 P.M,
«—Temperature at 8 P.M.

drop between
8 P.M. and 9 P.IM.

+ lo |~~—Temperature at 9 P.M.

drop between
9 P,M. and 10 P.M.

e — e —
3

- |w—Temperature at 10 P.M.
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_The last temperature drop carried us over onto the other
side of zero on the thermometer. Though 1t’has not been
labeled yet in our picture, you would say that the temper-
ature was 10 degrees below zero at 10 P.M.

A thermometer can be thought of as a number line drawn
verticaily, with numbers

40+
on both sides of zero. k

20+ r degrees above zero

10+ degrees below zero

20+

A similar thing happens in this example.

Example 2: A certain department store started a transistor

: radio department in 1960. During that year,
it made $5000 " profit. During 1961, the depart-
ment lost $3000 and during 1962, it lost $4000.
What was the total profit for the three years?

240
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If we illustrate this problem on the number line, we have
"a picture like this.

First Step.

profit at
end of 1960
) 000 2000 3000 4000 5000
éecond Step.
total rrofit 1oss profit at
_ for first = end -of
2 years during 1961 1960
. . N . : ¥
0 1000 2000 3000 4000 5000
Third Step.
: total profit for
loss during 1962 fiiii/g/years
' ' ) 000 - 2000 3000 4000 5000

We see that the financial position of the department at
"fhe end of the third year will be represented by a poirnc
on the other side of zero. We can see that this point
corresponds to a loss (or deficit) of $2000.
In business problems as well as in temperature, t..ere
is need for number lines with numbe.,s indicated on bcth
sldes of zero.

losses profits
2000  .1000 0 1000 2000 3000 4000 5000
241
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These are just two of many examples which call for
number lines with points on both sides of the orlgin corres-
ponding to numbers.

. In our earlier work, we have often referred to the
number linE,-but we have really-used only a number ray.
This ray consists of the origin (the pnint labeled "o")
and all the points on one side of the origin.

Now, we are ready to consider points on the other side of the
origin. We shall extend our number System to include num-
bers represented by points on this other half-line. When
we have done this, we shall have a true number line,

.17-2. The Negative Half-Line.

In the rreceding section, you were told that points on
the number line on both sides of the origin will be used to
represent numbers. 1In order to do this, we invent some
new numbers. In this section, w% shall see how these new
numbers are named. First, we re?all how the number line

|

is formed.
In forming the number line,/we first select a line.

Y

€

On this 1line, we choose an arbitrary point to represent
the numbeir 0. Remember that we call this point the origin.

<
“«

v

0
Next, we choose another point arbitrarily to represent the

number 1.

, 2u2
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After this, we have no freedom of choice. The location of
211 other numbers on the number line 1s now strictly deter-
mined.

All the numbers represented by points on the same side
of the origin as the number 1 are called positive numbers.
Thus, all the numbers we have met in earlier chapters
(except O 1itself) are positive. You should recall how
these numbers can be located. The other whole numbers are
located by marking‘off the distance between O and 1

over and over again.

3 N
1

0 ! 2 3 4

&
<

The number % is located one-third of the way from O to
1. The number % can be expressed as 2% and then located

as shown.

0 i 21 3 4

L
3
Similarly, fractions with other denominators are located.

Some are shown below.

3 s

2

It

oL I 4
3

wle +
ol +
ol +

Remember that we say that % < % (read, % is less than %)

because % lies to the left of % on the number line. We

could also say tnat ! > ? (7 is gréater than 3y.
372 3 2

Exercises 17-2a

1. Draw a number line and locate the following numbers on
it.

4y 3 4 6 12 T 3
?‘: 2’ '3" g’ T; Il": 7;

o] @

243
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2. Replace the question mark by >, < or = 1in each of
the following by using the picture in Problem 1.
6 7
a.%?% b.%?% c.%?% a. L2322
3. Check each of your answers in Problem 2 by using the
Comparison Property. ‘

Now, we are ready to name some points dn the other side
of the origin. Suppose we place a compass with the needle
at the origin and the pencil point at 1, and then draw a
half-circle as shown.

+

< : . :
+ T +

N - o] | 2 3 4
In this way, we locate a point cn the other side of zerc on the
number line. This point represents a number which we call
negaéive one, written "T1", (A raised bar 1s placed in
front of the symbol "1".) All numbers located on this

slde are called negative numbers.
The way 1in which some other points on the number line
are lgcated and named 1s shown in the figure below,

v

3
L™

244
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We see that the numbers ~L and 1 e located oppo-

is, they-are on

ct

ar
site to each other on ¢ .2 number line. Tha

[

opposite sides of tnz arigin and botn at the same distance

from the origia. We say that 1 1s the opposite of 1

and that 1 1is the opposite of 1. Similarly, 7“2 1is the
3

- 2
opposite of 2 and » 13 the opposite of (=) .
Ve see that the number- C ceparates the number lines

_into two half-lines called the positive half-line and the
negative half-line. Numbers on the negatlve half-1ine are

called negative numbers. Numbers con the positive half-line

are called positive numbers. The number O 1s neither

positive nor negative. Notlice that the opposite of a pnsi-
tive number ig a‘negative numter and the opposite of a
negative Aumeer is a rasiltive number. The opposite of zere
1s zero '

4ll tne pumbors we nove ctudled 1n carllier chapters were
th

railed rational numbers. All t-fze numbers, except for e
nurrber zers, arc roand we wiil thierefonre czall them

nositive rgrional numb.-rn. The nepatlves oi thire positlve

rational numbers will ve zoiicd negatlve rational nyubers.

I

et of rational numbers,

From now on, when wo speasd o

4@ mean the set consistliy m: thw positive rational numbers,

e negav .ve rational numbers and the namber Iero.

An especialiy importanty subser of the segt of rotional

nu. .ers 13 Thi.c set consists of
L et hs mbers, and the pegsatlves of
the ¢ . inting numiors sav cf Inversrs malr e expressed
as:

(... Tu, T3, Te, Ti, 0,01, 02,03, 4, L)
The set ol co namtors nay also be oglled the pet of
rosltive integers. Th' get 50 winle numbters may be referrod
tc as the sebt U nun-negat oo IaTtepers.

Wrnen we say Tunat & is Leco Lnan o, wie mean that ooa

15 to the left or © 0on too my. or line,

2nt

O

ERIC

Aruitoxt provided by Eic:



17-2

From the figure below, we see that -ﬁ < 3 and that
- 1
1< e

+ .
>

4 -3 -2 R I 2 3

In fact, every negative number 1s less than any positive
number. '

Exercises 17-2b

(Class Discussion)

1. PFor each of the fdllowing, tell whether you would repre-
sent 1t by a positive or a negative number.

a. 20 degrees below zero. e. 50 feet below sea level.

b. 20 degrees above zero. f. 50 feet above sea level.

c. $300 profit in busi- g. a U4-yard loss in foot-
ness. ball.

d. $300 deficit in h., a UY-yard gain in foot-
business. ball.

7. Give another name for each of the following:

. the set of rational numbers greater than zero.
. the set of rational numbers less than zero.
the set of integers greater than zero.

0 0 o e

. the set of integers less than zero.

3. Find the opposite of each num  given below.

a. U a. ~23 g. 6.4
b. 8 e. () h. 0
c. % f. 5.3 i

4, List the following numbers in the order in which they
appear on the number line.

-y 1 - - N
ST, (J;C)’ ES;, 6, “(g), -
Which 1s the greatest of these numbers? Which 1s the least?
246
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Exercises 17-2c

1. Draw a number line and locate the following numbers.
- . 2 3 — 14 -
' . 3’?: g: 'é", ("5‘), 2.3, 1.8
2. Using the picture in Problem 1, copy the following and
replace "?" by the correct symbol stoor MM,

a. ‘3% ? % d. ‘3% ? ‘(%ﬁ
b. % ? % . e. % 2 71.8
c. T35?71.8 £, "1.8 2 2.3

3. (Matching) For each number in the first list, write down
the letter corresponding to its opposite 1n the second

list.

a. % A, —(%)
b. 2 B. 3

c. ‘2% ‘ C. 2%
d. 1.6 D. ~“(§)
e. T(H) E. 2.25
£, (2) | F. ~(.6)

17-3. Addition on the Number Lire.

You know how to draw arrows on the number line to rep-
resent positive numbers., These arrows are drawn starting
at zero and ending at the point which corresponds to the
number. (We draw the arrow directly above the number line
instead of on it so it can be seen clearly.)

We use a similar procedure to represent a negative

number,

on7

5
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Represent ~3 on the number line. The point ~—3 1is

. three units to the left of 0. An arrow beginning at
and marked off three units to the left represents this
number.\I ’

[ i ¢
H N

—

5 =4 -3 2 -1 0o 1 27 3 4 5 6

You have drawn diagrams showing addition of positive
numbers. Now, we can do the same for all rational numbers.
Example 1: First, review how to represent 2 + 3 on the
number line. We represent "2" by an arrow
starting at O and ending at the point 2. fThe
arrow representing "3" starts at the head of the
"2" arrow and is marked off 3 units to the
right. The sum "2 4+ 3" 1is represented by an
arrow starting at O and ending at the head of
arrow "3",

2+3 |
|
3 |
R
2 ‘ i
) , ! . | N
-5 -4 -3 -2 - 0 x 2 3 4 5 6

‘ Example 2: Represent ~2 + ( 3) on the number line.
We diagram this problem using the same method as
r in Example 1, remembering that the arrows re-
- presenting negative numbers always point to the
left. ~2 4+ (73 = ~s5.

» 2 +C3)

{ 1

| -3 ‘

—~ ! '

| L2 l

. e
42 ! . . ! , ’ " . . .
6 5 -4 -3 -2 -1 o 1 2 3 4 .5

248
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Example 3: Represent 2 + (3) on the number line. In
' this example the arrow representing "o will
begin at O and end at the point 2. The arrow
representing " 3" will begin at the head of
the arrow '"2", but will go 3 units to the

|2*fﬁ
-3

|

|
, N — , ! . , .
.76 5 "4 73 -2 - o | 2 3 4 5
The sum 2 + ( 3) 1s indicated by an arrow
beglaning at O and ending at the head of the
apr¢w representing " 3". 2+ (73) = 1.

Example 4: Represent 3 + ("2) on the number line.
- In;fhis example, the arrow for " 2" 1s marked
off to the left starting at the head of arrow
"3"_ Agailn, the sum 1s indicated by an arrow
beginning at . 0 and endlng at the head of the

arrow representing " 2". 3+ (72) = 1.
3 +(2) —é
oo
. 3 !
: !
X 5 4 -3 -2 - o 1 & 3 4 5

Exercises .1l7-3a

(class Discussion)

1. In which direction does an arrow point if it repreéents
a positive number?

2. 1In which direction does an arrow point 1f it represents
a negative number? "

3, Descrihe the arrangement of the arrows when all numbers
to be added are positive.




Describe the arrangement of arrows when all addends are
negative.

Describe the arfangement when one number 1s positive
and one 1is negative. In what direction will the arrow
representing the sum point? ’

How can you show three or more addends on the number
line?

How can you show 3 + 029

Exerclises 17-3b

Draw a diagram on a number line to find the sum in each
of the following problems.

a. 2+ 4 r. 3+ 5

b, 1+ 6° g. 4+ (T1)

o T5+ (T2) h. 2+ (76) \
d. Th4, (7B 1. "7+ 3

e. 4+ (7y) . J. "6+ 6 '/

Mind the missing number. You may use a number line _
to\Qelp you but you do not need to show it on your paper.

a. 34+ (73) = ( ) e. 1lh+ (72 = ( )
be )+ (W) =0 = ot 3+ () =1
- ) ] 3.

c. 6+( )=0 g- (I +( )=o0
d. ~75+ T4 = () h., ~0.45 4+ 0.45 = (
What number must be -added to each of these numbers to
have a sum of zero? . A '
~a. 5 ' e. ~2

b. ’33 . : , £f. &

c. (3 - g. 725

d. % h; any positive num-i

ber, a :



L, Some ideas are represented by positive numbers and others
by negative. Use """ for ideas represented by negatlve
numbers and "+" for ideas represented by positive

numbers.
a, Profit . f. Gaining yards in foot-
' ‘ ball
b. Loss _ g. A loss in football
c. If direction east is
© positive, west 1is ? h. Altitude above sea
: i level
'd. North - 1. Altitude below sea
. level
e, South j. Time in the future

k. Time in the past

5. A company report of profit or loss was the following for
the first 6 months of a year:

c.

January $5000 profit April $1000 profit
February $24G0 profit May 33000, 1css
.March . 41000 loss- June 32000 loss

Represent each of these figures as a positive:or

. ‘negative number.

Find ‘the total profit or loss for all six months.
What 1s the average profit or loss per month?

6. 'BﬁAINBUSTER: . An escalator going down moves at the rate
©  of 1 step per second. A boy can run up steps at the

rate of 2 steps per second., A boy runs up an escala-
tor that is going down. If there are 28 steps between
floors, how long will it take him to go up one floor?

" If>a second boy can run up 3 steps in cne second,
-how -long will he take? !

e

251 . . \



17-3

Exercises 17-3¢c

In.Problems 1 to 3, add without using the number line.

1. a. 4%+ﬁ5% c. (2+3)+ 5
| b. 5}%+1% ’ d. 2+ (3 + 5)
: e, 7% +0
2. a. -1%+ (-2%) . flg- + (“1%) e. [T2+ (‘l%)] + (‘37%)
( b, —l%+ ("3—]5) a, "l%— + ('12—) £. 72+ [Mlx + (_31%)]

g. O+ (‘4%)7
3. a. 33+ (C43) S N - P L R
'b. "h% + 2% g. 2% + [(-E) + b]
c. ¥+ ("53) ho [(723) + 31 % (C8)

y 3 —l 1
d. Sp+ bx 1. (75%) + 5%
. e. ‘4-%+5% '
4, In your own words, describe how you would add.rational
numbers if: '

a. both are positive.
b. both are negative. v
¢. one 1s positlve and one 1is negative.

The number line has been used to heip you see how to addi
positive and hegative numbers. You should observe that the
'properties that are true for the addition of non-negative

',rational numbers are still true for the entire set of rational .

" numbers,
. We see‘by the use of the number line that the addition of
a numbers, whether poéitive or negative, 1s really very simpie.'

We need only keep in mind the locatilon of the numbers on the
number line to carry out the operation.
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We see 'that:

" When both numbers are pcsitive the sum 1is positive,

as in 2 + 3 =5;
and, when both numbers are negative the sum is negative,
as in -T2 + (73) = 75,

When one number is positive and one number is negatilve,
it is the number farther from the origin which deter-
mines whether the sum is positive or negative.

v

For example:
In 2+ (73) = 71,
the sum is negative becéuse -3, which is farther
. from zerc than 2, 1s negative.

In 3+ (-2) =1,

the sum is positive, because 3, which is farther
from zero than 72, 1s positive.

We can say this in another way. The arrow of greater
length determines whetner the sum is positive or negative.
Notice that in cases 1ike —2 + 2 and 3 + (~3), the
arrows are of equal length hut opposite in direction. In
these cases, the sum is zero. '

Exercises 17-3d
(Class Discussion)

1. Find examples of each of these properties in Exercises
17-3c. '
‘a. The commutative property for addition.
. a+b=b+ a
' b. The associative property for addition,
a+ (b+c)=1(a+Db)+ec
.._c. The addition property of zero.

S 44022
'2."Add:
7 a. 2+ (729)
~ b. 35+ (C3p)
TR
3 ‘C. (3) +
253
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3. What do you notice about the numbers being added and the
answWwers 1in each part of Problem 2? ;

4, Do the familiar properties of addition hold fér»all
" rational numbers?

‘We have seen in the above exercises that the sum of a
number and its opposite is equal to zero. For example:
3+ (73) =0 "or T3+ 3=0. These addition problems are
illustrated in the following diagrams.

o sum

-3 -
second term

3+ (73) =0 _ 3 > first term
"5 4 "3 2 - o0 | 2 3 4 5

The sum is indicated this time by a point (an arrow drawn
from zero to zero has no length). Similarly

"3+3=0
. 0 : sum '
3 second term
. =3 first term
5 4 3 2 < 0 | 2 3 4 5

Two numbers whose sum is zero are sald to he additive inverses

of each other. We see that this means the same thing as
saying that they are opposites of each other. Thus, ~3 1is
the additive inverse of 3 and 3 is the additive inverse
of 73. These statements merely say that

3+ (73) ="3+3=o0.

. s <
17-4, Subtraction of Rational Numbers.

Consider the subtraction problem, 5 - 3. ‘You are looking
for pbe.number‘ n which, when added to 3, gives 5.
3+n=>5
, ‘Let us review how we diagram this subtracfion problem
on the number line.

) 254
it et
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Example 1: 5-3=n or 3 +n=>5 )
First, we represent "5" by an arrow which starts
at 0 and ends at point 5.
| 5

-4 -3 =2 -1 o | 2 3 4
Next, we represent "3" by the arrow which starts
at 0 and ends at point 3.

j - 5 L
[ |
A SN e
', . L S ! , .
4 "3 -2 T o | 2 3 4 5 6

Now what number must be added to 3 tc give 5? This
wlll be the number n represented by the arrow which starts
at the end of arrow 3 and ends at the end of ‘arrow 5.

To find the number n, we must transfer arrow n so that
it begins at 0, then the arrowhead will fall on the point
associated with n. ” '

o I =2 3 4 5
In this case n 1is 2. (You may be able to do this step

of transferring the arrow mentally.)
N

Let us .1ook at another subtraction problem, 3 - 5. Here,
'33—15 must be the number n which added to 5, gives 3.
R m=<3%-5 or 5+n=3,
‘You cannot find such a number in the set of positive ratinnal
numbers. Remember your teachers in the earlier grade§ were
careful not to'ésk subtraction problems of this type,'where a
greater number is subtracted from a smaller number. Now that
you have extended the set of numbers to include the negative
rational numbers, let us see if such subtraction problems can

-t
be solved. This can be shown on a diagram,

255
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Example 2: 3~-5=n or 5+n=>3 \
"a. First represent the sum 3 as an\arrow starting
at 0. .
b. Then, represent 5 ..as an arrow starting at 0.
Then, draw an arrow starting at the' head of arrow
5 and ending at the head of arrow ;3. This 1is

arrow n.

X

;

5

3 I
*+ T —F

G

+ }
+ +

4

3
T

=
i
|
1
|r
!
o 6

Ol ¢ =
m.._.jl.

d. To find the number thatharrcw N represents, we
transfer the arrow so ‘that 1t begins at zero. We
read the number at the head of this arrow.

n is 2.
n | -
- /
) I S U |
We see n =3 =& = 2,

. Examgie 3: What number is 6 - (72)? It is the number n
so that "2 +n = 6. Ve shall find n by the same

procedure as before.
- 6

3 I I I I I Il
— - + + +

3 4 5

Y . B 2

N -
]

o.

n

~NT

=% —
From this diagram, you can see n - 6 - (72) = 8,

From these examples, you should noktice several things .

1. Each subtraction problem’'can be restated as an addi-
tion problem. As soon as'we introduce Ehe negative
rafional numbers, everf/subtractioh problem involving
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rational numbers has a solution. The set of rational
numbers 1s closed under subtraction.

‘2. When we diagram subtractlion problems on the number
line in this way, the direction of the arrow which
represents the difference tells us whether the
difference 1s positive or negative.

3. The length of the arrow is equal to the distance
between the origin and this difference.

Exercises .17-4a

(Class Discussion)

Some subtraction prohlems are dliagrammed below. For each, .
answer the following.
a. What subtraction problem 1s diagrammed?
~ L. "What 18 the number n?
-¢. What addition problem is also illustrated?

1.
! ’ n 1
L 7! )
I T e
1 L 1 _L i 1 j J L . i Jl.__
-4 -3 -2 | 0 | 2 3 q 5 6 7
2. |
| |
1 —
L. 1 n 1
r 1 ]
| — >
L y - L '} l b3 1 L 5 . y 41_:
-4 "3 "2 T o | 2 3 4 5 6 7
3.
) le !
:\I l I ]
S — n ot / |
4 I ]
“., I ’ ! ]
— — a— B
! . oo ; o LA
* =7 6 -5 4 -3 -2 ml 0 | 2; 3 4

r) v
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6 5 4 5 3
5. Use the number line to show:

a. 5-3 and 5+ (~3)
b. 5-(73) and 5+ 3
c. 5-3 and "5+ (T3)
d. ™5 - (73) and ~5 + 3

6. What conclusions.can you draw from Problem 5%

In the last exercises, you may have discovered another
way to think of subtraction, You found:

5-3=2 and 5+ (3) = 2

So 5 —13 and 5 + (T3) are the same. numbers even though
their diagrams are different.
Also, you found:
5-("3) =5+ 3
5 -3="54+ (73)
“5-(3) =75+ 3
In each case, subtracting a number is the same as adding
its additive inverse, If a and b are rational numbers,
then a - b means a + (~b), ‘
This property of subtraction changes every subtrac<ion.
problem Into an addition problem. For example:

3-(5)=3+5=38
T-4=7+(T4) =3
= "7+ (74) = 11
T2) =1 +.2 =29

.
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Exercises 17-Ub

‘1. Use the fact that a -~ b means a + {"b) to write each
of the followilng as an addition problen. Then, do the

addition.
a. 4+ -2 e. 4 -0
L. ~6 - {71) £, T4 - 6 ‘
c. 8- (%3) g. - (T6)
d. 1 -0 n. 0.-1
2, If you can, do the following without using the number line:
a. " 11 - (T13) h. 9 - (73)
b. 16 -~ 12 . 7-5
c. T10 - (73) . J. 7 - (75)
d. 8 - (72) k. 2 -9
e. 78 -2 1. 2 - (79)
£f. 78 - (T2) m. 3 - 10
g, "9 -2 n. 3 - ("10)
3. What 1ls the additive invers.. of:
a. 10 d. %
b. 100 e. ‘(%)
c. % L _(%%)
b, Subtract:
a. 8 -5 c. 8- (75)
b. 78 -5 d. 78 - (75)
5. Add:
a. 8+ (795) c. 84+ 5
b. "8 + (75) d. 8+ 5

6. Examlne the numbers and the answers in Part (a) of
Problems 4 and 5. Also examine Parts (b), (c), and (d).
What conclusions do you draw?




(=5

\

7. Find *x 1in each of these number sentences so that the
statement 1s true:

a. 5§ +2=x e. ’(g) + "(-3-) = X
. b, x-(73) =7 f. 10 - x = "4

2. 8+ x="3 g. -(g) + X = _(g)

d. <+ (74) =11 h. ‘(%) -x = g

17-5. Multiplication of Ratlonal Numbers.

+ You have learned how to add positive and negatlive numbers.
Now, we want to multiply these numbers so that the familiar
properties of multiplication hold. .

You already. know how to multiply positive numbers.
For example: ,
2 1
2'5=10 g'?:g%
35 - 4= 14
You also know that 1 1s the 1dentlty element for multiplica-
tlon and.that ‘' 0 has a special multiplication property.
1 -6=256 or l+-a=a
0.6'-’-0 or O'a:o
Multiplication can be shown on the number line as follows:

3 *2=24+ 242

3-2:=6 g
T
2
L
T
|
! | |
-3 -2 - o ) 2 3 4 5 6 7 8
260
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The number line can be used to show the product\bf
3 . (72) also, since this should mean ("2) + (72) + (72).

. 3-(2) ="6
I -2
——
| .
| .,
| | |
’ | I N ! !
-8 -7 "6 "~5 —4. -3 “2 | o | 2 3

r
l
i

\ . Exercises 17-5a

\ (class Discussion)
\l.» 3«2 \is shown above. How would you show 2 ° 37
'E. "How do you show 2 -+ (73)2

. What property is illustrated by Problem 1?

t« Do 3 « (T2) and 2 - (~3) illustrate the property
you named in Problem 3?

5. If the cpmmutative property holds, use Problem 2 to find
T3 - 2, L ’
™~
It is easy %to use the number line to illustrate the prod-
uct of positive numbers. A product like giziﬂf2) _can also
be 1llustrated on the number line. But what caﬁu/(;E) - 3
mean? This 1is more difficult and the number line does not
help us. The properties of orerations on numbers can help.
"If these new numbers are to behave like the numbers you know,
then the commutative property must hold for these new numbers,
For example,
3 (72) =(12):-3

The number line shows that 3 * (72) = "6 so (72) - 3 must
also equal ~6.

261



Exercises 17-5b

1. Use the number line to multiply:

a. 4% -5 : e. 2 (%)
b, &4 £.o2 . [7(3)]
c. 3+ (73) g. 2 -« (%)
d. 4 - (73) ho 4 e (T33)

2, Use the commutative property and the answers to Problem 1

to find: .
a. "3 -3 - c. T(§) -2
b, T3 -4 d. T(3p) - 4

3. Complete these statements, using information from Problems
1 and 2.
a. The product of two positive numbers is a

number, :
b. The proguét of a positive and a negative number is
a -~ number,

4, Use the summary from Problem 3 to find:

a. [2- (73)] -+ 5 d. 3 - ("5-7)
b. 2. (73 5) e. 5 b (T3))
c. [3-(75)] -7 ro (5w (T3)

5. What property of multiplication of rational numbers is
illustrated by Problem 49

The Product of Two Negative Numbers

Although the number line has been used to illustrate the
multipliqatign problems 3 - 2 and 3 ° (72), ‘we find that
we cannot use it for the problems (73) * 2 and (73) - (T2).
Why? -

However, we can define the product (73) = 2. Since
we know 2 - (73), we immediately know (73) + 2 1if the
commutative property of multiplication 1is to hold.
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Now, how shall we define (73) * (72)2
Iook at part of the multiplication tab.e.

1 3

x| ofl1T] 2|3 |4
- olo|lo|lolo]|o
1lof1l2]3|ys
) e2lola|s|6]|s8
3{o|3|6]|9 (2
4y [ o | 4 | 8 |12 |16

Have you used a table like this? To use it, find one factor
"4in the left column and the other factor in the row across the
top. The product is the number in the square that i1s in the

‘same row as the first factor and the same column as the
second factor. The product of 3 + 4 is 12, as shown in
the table. -

‘ We can make a larger multiplication table by putting

more numbers acrossS the ﬁop and down the side. Then,

5 6, T, etc. follow natucrally. There are numbers on

the other side of zero, too. Let us include ~1, "2, T3, T4,

also. Such a table, partly filled in, is shown,
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"y T3 T2 "1 o0 1 2 3 4
Ty 0
“3 0
2 0
1 0
olo 0 0 0 0 0 0 0 0
1 0 1 2 3 it
2 | 0 2 4 6 8
Ka

3 0 3 6 9 {12
h 0 k 8 12 16

The products of the positive 1ntegers are given. The

products of zero and all numbers shown are also given. These

products are familiar to you.

From your work in the last section; you know how to fill

in the top right—hand'cornef and the bottom left-hand corner.

Exercises 17-5c
(Class Discussion)

Copy the last multiplication chart, then fill in the top
right ‘corner and the bottom left corner.

What number patterns are shoﬁing? The right column and
the bottom row are good places to look for patterns.

How must the left side of the row above the zero row be
filled in to keep the pattern to the right of zero?

What column can be filled the same way?

What are the patterns for the other rows and columns?

Fill in the rest of the table. (No fair peeking at the
completed chart that follows.)
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7. What 1s the product of (73) - (72)2

8. It appears that the product cf two negative numbers 1is a
number. '

Does it seem reasonable that the pattern found in three
corners of the table should be continued in the fourth? The
completed chart looks like this,

Ty "3 271 0 1 2 3 4
b (16 [12.1 8 | 4| o | "4 |78 | 12]|"16

;3 12 9 6 3|1 0. 73|76 g |12

"1 b 3 2 1|01 |2 173 [74
0 0 0 0 o| o 0 0 0 0
1 |74 |73 |2 "1\\ 0 1 2 3 Y
2 8 {76 |4 21 o 2 4 6 8
3 12{79 |76 | 73| 0 3 6 9 |12
y | 716712178 | T4 | o y 8 | 12 |16

Exercises 17-5d

1. From the completed table, state what yéu have discovered
about the:
a. product of two positive numbers.
b. product of a negative number and a positive number.
c. product of two negative numbers.

2. Find the product:

a. "4 o0 1. T2l ¢ (T43)

b, ~4 2 J. T0.6 " (T1.4)
c. 45 k. 43" (75)
d. 8 ° (73) 1. 76 8 " (T12)

e. 17 * (72) m. 3 (72) © (T11)
f. 42 . (-5; n. "10 © (78) .#(_%
. 6 (79 -y -
i. 10 -((“60) o. % - (16) - (3
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3. In the following problems in multiplication, put a num-
ber in the parentheses so that the statements will be

correct.
a; ( ) - 6="12 1.1 ( )="1
b. 5 ( })="15 j. 6 ( ) =736

c. 10 ( ) =100

k. 9 ( )=8
d. 5-( )= ‘ 1. 5 ( )="3
e. 5 ( )="2 m. ( ) * (T10) = 90
/f. »ll S ¢ ) = 110 n. ( ) * (750) = 100
g. 1 ( )=1 o. 6 ( )="00
< h. "7-( )=0 e (@ () =1

The fact that the product of two negative numbers is
positive may seem strange and unbellevable.
The above tables and the problems suggest that the pro-
duct of tw6 negative numbers 1s always a positive number.
: We want the commutative and associative properties of
addition and multiplication to hold for the rational numbers. .
We also want the distributive property to hecld for all
rational numbers, Let us use the distributive property in
\iife‘problems in the following class discussion exercises,

Exercises 17~5e

(Class Discussion)

Complete the followlng statements.

1. "3-0=0 because we want the ]
preperty of zero to hold for

negative numbers.

2. B[22+ (T2)] =0 because the sum of is
zero.
3. 73 -2+ (73;-(2) =0 because we want the
‘ property to hrld for negative
_ numbers.’
4, 6+ (73):(T2) =0 because we know the product of

a negative number and a positive
number 1is a number,
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5.. Look at what the last statement tells you about the
product "3 - (T2). wWhen it 1s added to 6 you get
C. What 1s another name f{or the numter which added to
"6~ gives 02

6. Therefore, ~3 - (72} must equal ? if the pro-
perties of non-negative numbers are to hold fcr negative
numbers also.

The properties of multiplicatlon that are true rfor the
positive rational numbers are true for the whole sev of
rational numbers., Review these properties. They are:

The commutative property of multiplication.
a - "b=>b"'a

The associative property of multiplication.'
a+* (b-+c)=1F{a-b)c
1 1s the identity element of multiplication.
1l - a ; a
The zero property of multiplication is true.
0O °*a=20

Finally, the distributive property of multiplication
over addition holds.

a* (b+c)=1(a-b)+ (a-*c)

Exercises 17-5f

1. Use the distributive property to solve the following

‘problems.
Example: E_‘”[T + (_9)] =574+ 5 - (79)
- - 35+ (Th5)
= "10
Check: [7 +(79)] = "2 and 5 - (72) = "10
a 4 - (3 + 8) c. 5 (4 + (77)]
5. "2 (73 + 6) d 10 - [78 .+ (T1)]
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. e. 6. 173+ (79)] TP TH L (C247)
2. Find ‘n 80 that these statements will be true.
a. 3 *n= 36 : d. "3 - n = 30
b. 5°n="75 e. 2.n="8
e, "2 e n =10 f. 6 * n = "12
3. Find the products.
a. 6+ (710) k. 73 - (7h)
: 1 -
. b. -6 ) - _?3- . (76)
c. 75 (7H) ' m. -21? - (1)
d. 16 - ("12) n, 45 . (713)
e. 16 - ("12) o. 45 . (T13)
f. 27 -0 p. 17 - 0
~ ‘ -3
g. 16 * 1 q. '% -
h. 20 - (710) * (7 5) r. 3 - (‘15) - (TW)
1. "2 - (T11) - (T3) 8. "5 -6 - (72)
J. 4% - (76) - 10 - t. "7+ 8- 12

17-6. Division of Rational Numbers.

Iet us review the meéning of division. If you have the
‘problem 39 + 3 you look for a numi.er n that, multiplied
by 3, gives 39.

4 ' 3°n=239
In this case, n 1s the rational number %? which 1is also -
the counting number 13, We can extend this property of
“divipion as the inverse operation of multiplication, first
to negative integers, and then finally to all negative
" rational numbers, '

You can discover how to divide rational nurters from‘

what you know about multiplying rational numbers.
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Exercises ‘17-6a
(Ciass Discussion)

Below are four division problems. State the correspoﬁd-
ing multiplication problem for each.

a.

b.

12

2.0 ? ~n= 7.
e 2 -n=_2.
-%g = n f 2 *n= 2.
12 . :

'.'.'3"‘0' ?_ +*n= ? .

By inspecting the multiplication problems in Problem
1, and using what you know about multiplication,
decide in each case whether n 18 a positive or a

negative number. . 2
Copy and give a simple name for each fractlon:
12 -

F =7 £ =0

T12 3 19 _

= =§ = 9

Fill in the words "positive" or '"negative to make state-
ments that seem to be correct on the basis of Problem 2.

a,

b.

The quotient of two’/positive numbers 1is a

-

number. /
—

The quotient of two negative numbers 1s a
number.
The quotient of a positive number by a negative

number 18 a . number.

The quotient of a negative number by a positive
number is a - ' numbcer.

_ In multiplication and division problems involving posi-
tive and negative numbers, you may find it difficult to

remember whether the answer should be positive or negative.
We collect what we have learned about this situation in this
one statement which may.make it easier for you to remember.
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When two numbers are multipliea or divided:

a) if thé numbers are both positive or both negative,
thén the answer 1is positive;
b) if one number 18 positive and the other negative,
then the answer 1is negative.

In the last exercises you found £§ and }2 are names
for "4. Since "4 13 opposite to 4 on the number line,
and %% is another name for 4, '(%g) m..st also be the
same as 4., It is correct to write

' -,12 T12 _ 12 -

() = F=33="4

We choose 4

rational number, In the same wvay,

-(2\ _ 2 _ 2
3 377
as the simplest form.

(9

and we choose

Exercises 17-6b

as the common or simplest form of this

1. Fi11l in the blanks so the statements will be correct.
a. 63 +(79) =7 because 7 . ' = ~63.
b. 45 + (75) = 79 because ____ + (79) = 45,
c. 104 = (78) = ___ because "8 * = 104,
d. 3 %—[_(%)] = ____ because .
e. 2 +3=___  because . =
f. "1+ (71) = ___ because =
g. 0+ (73) =___ because "3 - = .

2, Find the products:
a. "4 -7 " £, "21 - (735)
b. T4 . (73) g o4
c. 2+ (76) h. 710 - ((2)
a. 3+ (“2u) L2 (3D
e. 8 - (79)

%;O
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3. . Find the quotients:,

a. 28 =7 - f. 735 + (735)
b. 12 = (73) g. 3+ 4
c. T12+2 h. 4 +(’§.)
d. “72 + 3 ' 1. g = (D
e. T2 +(79)

y, Find r so that these statements will be true:
a, % s r=1 | d. -% cr="1
b, Rr-n e. $-r=71
c. ‘% . % =r f. -%" (_3) =r

5. Reciprocals, or multiplicative inverses, are two numbers
whose product 1is the identity element. for multiplication,
1. 1In which parts-of Problem 4 is ‘v the reciprocal of
Ehe othér factor?
: 6.. Write the set R consisting of the reciprocal of each
number in the set P:

P=(6 3 1, 2 (0, (P,

7. Find the quotient of:

a. -%% f. %g— 1. Z%%

b. :%2 ’ g. :%%8 h. :1%§

c :%9 V h. ;%g n :i%%

d. —g% i. _?h o. :%%;
o 2
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17-T7. ‘Summary.
In this chapter, we have extended the set of numbers to
include the negative ratiohal rumbers. We now have tne
" set of all rational numbers.
The set of ratjonal numbers is the union of the tnree
sﬁbsets indicated below:

lRational Numberg]

4

. / ‘ .
AN
Negatlive Rational Zero Positive Rationall
" Numbers Numbers

i
Note that the number zero is neither positive ncr negative.

Another subset of the set of rational numbers 1is the
set of integers: ’

(oovs T4, T3, 72, 71,0, 1, 2, 3, 4, ...}.

This set consists of the whole numbers and thelr negatives.

“You have learned how to locate rational numters on the
ndmber line. The number line nas helped you to learn now
to compute with negative dumbers.

’ The'ggg of two rational aumbers is:

(1) positive, when both numbers are positive.

(2) negative, when btoth numbers are negative.

(3) =zero, when the numbers are additive inverses.

(k) positive, negative, or zero, when one number ig

positive and one number is negative. This 1s
. determined by the number farther from the origin.
- The difference Of two rational numbers, a - b, can be
" found by determining what number added to b gives a.
We used this principle to diagram subtraction on c¢he number
line. Later, we found that a - o 15 the same as the sum of
a and the opposite of b,
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The product or guctient of two rational numbers 1s:
(1) positive 17 both numbers are positive or both

numbers are'negative;
(2) negative if'one number is positive and the
other number 1s negative.

We may summarize the properties of the rational numbers

as follows:

1. The ration numbers are closed under additior,
multiplic o1y, subtraction, and divislon (except
divisior vy zero).

2. Additior and multiplication are -ommutative:

a+b=Db+ a
a ‘"t =Db-a
Addition and mult . lcation are assoclative:
(a+Db)+c=a+ (b+c)
(a *b) -c=a- (b c)
L There 1is an element, 0, whicn is the identity for
addition and an element, 1, which is the 1dentity

w
1]

for multiplication.

a + 0 = a
_ a - 1l=a
5. Every rational number has an additive 1inverse

(opposite) and every rational number except zero
has a multiplicative inverse (reciprocal).

a+ (T2) =0
=1

-

a

o The distrlbut’ve law holds.

()

& (b+c)=a- 0+ a

17-8. Chapter Revieu.

Exercises 17-0

1.  Add: i i
a. T+ (76) +8
b. 5+ ¢ + (11)
c. 17 + {"12) + (73) + (72

7T+ (78)
17+ (713) + W0
12+ 21+ ((10)+ (718)

o

=y
.
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On Januar& 2nd, the price of eggs was 60 cents per

"dozen. For the next six weeks, the price changed as

shown: 1st week, up 3 cents; ©2nd week, down 4 cents;

‘3rd week, up 7 cents; 4th week, down. 8 cents;

5th week, up 6 cents; 6th week, down 7 cents. What
13 the price of eggs after & weeks?

A self-operated elevator 1s located in a store that has
a 3-level parking garage below the basement. An
elevator on the 1lst floor makes these trips: 2 floors
down; 5 floors up; 3 floors down; 1 floor down;

2 floors up; and 3 floors down. Where 1is the ele-

vator?

Subtract:

a. 5-8 d. 6 - (6)

b. 4 -0 e. 12 - (T15)
c. 0 - (T4) £. 716 - 8

Denver 1s one mile above sea level while Pikes Peak is
14,110 feet above sea level. What ls the chénge in
altitude 1f you drive from the top of Pikes Peak to
Denver?

" Mt. Evans, west of Denver, is 14,264 feet above sea

level. What 1is the change in altitude 37 you go from

Plkes Peak to Mt. Evans?- ; j

Multiply: N

a. 60 - 50 é. 7T+ (79)
b. "7 -8 . e, "9 - 20

c. 9 - (75) f.00 717 -+ (T23)
During a storm, the thermometcr foil 2° an hour for
6 hours.

a. How much did the temperature cnange?

b. If the temperature at the beginning of the storm

(o] L
was 127, what was the temperature & hours
later?
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9. Divide:

a., 30 + 6 d. 270 + (730)
b, 16 + 4 : ' e. 255 + (725)
c. . 2k + (78) £f. T1827 = (79)
- 10. An oi1l well Qas sunk 1350 feet befcre oil was found.
LY  If it took 45 days to dig the well, how many feet

did they average per day?

17-9. Cumulative Review.

Exercises '17-9

1. Express as a single fraction and simplily:

2 2 2 .2
b. 3-3 e. (g»t g) (g +

2. Which of the followilng numbers are equal to 3?
63 91
1.2, 1.h, == gz

3. Write as decimals:

3 .9
8- Tooo T2
b. & a, =80

I, Find the value of the following:
a. 0.0076 x 0,38

b. 0.0076 + 0.38

c. (7 - 0.7} + 0.07
$- Fill the blanks with numerals which malke correct
; sentences.
| a. 30 in. = __  ft.
| b, 72yd. = rt
c 1320 ft. = __ mi.
d. 100 mm. = cm.
e. -2l m. = cn,

——
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- 6.

© triangle, with wm/A = m/B. 1If

10.

11.

12,

_b. _1its surface area in square feet,

N

The inside of a freezer is U4 feet long, 3 feet
wide, and 36 inches deep. Find:
a. its volume in cubilc feet.

Triangle AABC 1s an isosceles

m/DCE = 30, what 1is the
measure of angie A?

A
A circular metal disk as large ///fii\\\
a8 possible is cut from a / )
square 2 feet on a side. How \\\‘ 4///

much metal 1s wasted? .

a. A centimeter 1s what percent of a meter?

b. An inch is what pércent of a yard? (to nearest
_ whole percent.)

c. A mile 1s what percent of a foot?

Find a number n which makes each of the following

statements true,

a. 5n = 20 d. 7£r = g
n _ 13

b. 4[’) = O e, ﬁo— = -g—
c. 5n = 2

Find the value of the following:

a. 2+ 6 c. 11 - {72)
b. 4 - (73) d. 2+ (T1)
Find the’value of the following:

a. 6.9 e. 2 - 24

b. 6 - (79) £, 6+ (7h)
c. 6°+9 g. 4. (T2p)
a. "6 (79 he (3 - (D

27¢€
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'13. Find n so that these statements will be true.
a. 2 n="24 ‘
b. y .on = 12
vy .

c. 6 n= 36

d. 2 e n= 10
14, Simplify:

a %?4 e. 2

-2 -18

b. —g £. =

. 2v %o

) g. =z

-2 -18

’ d. —% h. —&
277
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Chapter 13

. EQUATIONS AND INEQUALITIES

18-1. Sentences and Phrases.

Do you like mystery storieg? Have you ever imagined vour-
self“to be a detective like Sherlock Holmes or Nancy Drew?
Sometimes, a mathematician must find one or more numbers from
certain clues. In“this ~ense he 1s similar to a detective.

For example, consider the following problem.

. A certain number plus 3 1is 8.

. This English sentence may be written in mathematical
language. Suppose you let x represent the "certain number"
for which you are looking. Then you may write the sentence in

symbols as follows:

A certain number plus 3 is 8.
1 y yod
b'e + 3 = 8

This sentence in mathematical language 1s Just one example
of an equation in mathematics. It indicates .hat the number
"x + 3" 1s another name for the number "8". In this case,
1t is clear that the "certain number" is 5 since 5 1s the
only number which when added to 3 gives the result 2. Thus,
we say that 5 1s the solution of the number sentence, or
equation. The number "x + 3" is a part of this sel -nce.
Also, the number "8" 1s another part of this sentence. The
number "x + 3" and the number "3" .are examples of phrases.

A phrase may represent cone specific number. For example,
each of the phrases

o+ 7, % IT +V, 9, and 6 + (3 x 1)

represents a number. Tell the number which each of these
phrases represents.

Pl
;

Consider the phrase "x + ° What number does the
phrase "x + 3?" represent? Doces 1%t represent 3? 5% 7%?
The answer to each of these questions depends upon the value

of x.
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If "x" represents then "x + 3" represents
9 9 +3 =12
-5 (75) +3 = "2
: z $+3 =35

In order to work with phrases you must be able to trans-
late phrases into words and also be able to translate words
into phrases. A phrase may often be translated into words in
'several ways. “For exahple, the phrase "x + 9" may be
translated as

9"

- "the number . x plus the number

"9 more than the number x"

"the number x increased by 9"

Exercises 18-la

(Class Discussion)

1. Each of these phrases denotes a particular number. In

each case, express this number in simplest form.

\~ . a. 10+3 1. 5+ (3 x 1)

b. 5 -8 J (5 x 3) = &
.. bxs ke (Fx¥) -3
q. —-lio--é- 1. (6 -2) =1
e. %—+ % m % + 4 - %
r. {203 (19) n. (7)) + (2 x 3)
g. 7 - .5 o. (6 x2)+ ("15)
h. 5%—+ ("2—%—) |
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2. Translate each of the following Engliéh phrases into
symbols like "x + 3".
. a, The sum of x and 5
b.. The product of 8 and x
¢. A number y added to 7
d. Twelve added to z
e. The sum of 6 and a number
f. Six subtracted from a number

. g. The quotient obtained by dividing a number by 5
h. The difference between a number and 4

‘3.  Translate each of the‘following phrases into words.

a. x + 10 e. (76) +x
b ox -3 - £, =2

c. 7x> | g. 19 + x

d. % h., 17 - x

4. Evaluate each of the phrases in Problem 3 for each of
the following values.

a. x =1 f. x= 15
b. x =5 g. x =206
c. X = 3 h, x =12
dc X=O i,x=5
e. X = % J. x=9

Exercises 18-1b

1. MTranslate each of the following English phrases into symbols.
a. Pour less than x
b. The number x added to 7
c.. The number x. subtracted from 30
d. The product of 15 and X
e; One-fourth of the number . X
f. The number x plus 10
g. The number 7 multiplied by x
h. The number obtained by subtracting 11 from X
i. The number x divided by 2
j. The difference between x and 6
k The number x minus 9

—
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1841 . .
2. For each one of the phrasés in Problem 1, find the number
represented by the phrase if x = 12.

3. Translate each of the following pgrases into words.
: ‘ 1

t a. x + 1 , e. +
sb. x -3 _ f. 20 - x
8\\ 2x g. 6x
\
d. 15 4+ x . h, "4 +x

4, PFind the number represented -by each of the open phrases in
' Problem 3 if x = 6.

5. Find the number represented by each of the open phrases in
. Problem 3 1if x = 2,

6. A number need not always be represented by x. Translate
each of the following phrases into symbols using the letter
label of each part as the number. For example, in Part (a)

"a" as the rnumber.

use.

a. The sum of six and a number

b. Eight times a number

c. Eight times a number added to 1

d. Three subtracted from 8 times a number

e Seven times a number divided by & '

f. Three more than twice a number. .

g&. The product of 5 and the sum of a number and 2

h. Ten minus seven times a number '

1. Twelve divided by the sum of a number and 1

J The product of two factors, one of which is the sum of
three and a certain number and the other of which is the
sum of 4 and the same number

k. The difference between 25 and the product of 3 and
a number

1. The quotient obtained by dividing a number by the sum
of 2 and the same number ‘

7. Find the number represented by each of the phrases in
Problem 6 if the number is ~3. ’
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8. Translate each of the following piurases into words. In’
each case, the. letter represents a number.

;// a. m-6 v £. 15 + 2d

b. &4n g. 9 - 32d
c. 2x +5 h., X2td2
o4, 5 -4 1. T(x+1)
. \
e. 2w.+ 15 ' J. 5 - 2n \
9. Find the number repfesented‘by 2n + 5 for eégh of the
" foilowing values of n. \
a. n=5 . g. n= % _
b. n="5 . h. n="2
N
c. n=20 1. n=§ \
d. n=1 j. n="75 \\
e. n= 1 k. n = 5% _\\
-1 : -1
£f. n="(3) 1. n= 25

0. TFind.the number represented by' 6 - 3q for each of the
following values of ' q.

a. q=20 e. q= % ,
b. q=1 f. q= ~(%)

c. q'= "1 g, q = %

d. g =5 h. q=-(%)

18-~2. Sentences and Thelr Solutions.

" We use sentences every day in talking, reading, and
writing. In mathematics, we also find 1t necessary to use
sentences. A sentence about numbers is often written in the

form of an equation such as
X+ 7T =29.
This number sentence says,

"If seven is added to a certain number, x, the
result 1s nine."
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. 18-2
The following are examples of some other sentences:

"The sum of 8 and 7 1is 15".

a "X+ 3 =8".
f& +5=3.3",
"3 <2 + 4",
"p? 5 on,

Thevabove examples are sentences because each of them consists
of two phraseé connected by a verb. VWhat are the verbs in
these sentences? The first one is easy to find. The word "is"
is the verb. What are the symbols for verbs in the remaining

sentences? Your answers should be ."=%", "=" "¢ oand "S",
The three most common verbs in number sentences are et e,
and ">". ,

" & number sentence which uses the verb "=" 1is called an

eguatiog§ A number sentence which uses the verb '"<" or ">"
is called an inequality. '

To solve the equation "x + 2 = 9" means to find tihe
value of x which makes the sentence true. In this case, the
value x =7 1is the only rumber which, vhen added to 2, glves

the result 9. _ ‘

Exercises 18-2a

1. Solve the following equations.

a. x+ 3 =5 e. p+5=11
b. y+5 =12 f. t +25 =31
c. k + 13 =15 g. a4+ 17 =42
d..z+2 =56 h. m+ 10 =5

2. In each case, find the value of the letter which makes ‘the

sentence true.

a. x-7-=2 e. x-3=56

b. y-5=5 f. p-15="1

c. n-9=2 g. X -5=3

d. a-3=7 h. y-12 = "4 '

-
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2. Sclve the_followipg”equations.

“. " a. Wb =12 i e. 9m = 5!
b. 3a =15 : ] T, 13x = i3
e. 5w =35 S g. Ty = 56
. d. 6a=T72 / h. 3x = 8
b, Solve‘the following eduations.
a. %-='2 : e. % ='2_
b. %=4 : f. _%—:5
c. §-= 2 g. _% =7
._d. %:7 h. %=4 }\

Sl

5., 1In each case, find the value of the letter which makes the

sentence true.

a, x+Y1=5 . 3. % =3

By y+3=0 k. 5=0
c. % =9 1. n-6="6
d. 5x = éQ ~ m. 15n = 225
e. n-15="2 n. T11 +x =8
r. '% = 8 l 0. X+ 1=2x4+1
g. Ty =49 . p.- x+1=1
h. 8g= 32 ARt E-6p

-x =12 r. 5+y= 9

1. 14

-The statement
x+3=17
tells us something about the number x. We might say that it

gives us a clue about x. We see that 4 1s the only number

. which, when added to 3, glves 7. Thus, x must be 4., In
' this case, our clue was so strong that it completely identifled
the number x. We say that 4 1s the solution of this equation

or sentence.
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Here i8 another sentence

y+3>7

-

This sentence gives us a clﬁe'about a number y. But this
timé our clue 18 not so strong as to identify completely the
numker y. You can see that y might be any of the numbers
5, 6, 12. In facpjﬁ’&' might be-any number greater than 4,
but ¥y could not bé 4 or a number 1less than 4. We can
see then that,.although this time our clue does not tell us
exactly what the number y :1s, 1t does narrow down the 1list

. of suspects. 1In this sentence, the letter y may be replaced
by many different numbers to obtain a true statement. The set
of all such numbers is called the solution set of the 1néquality

or sentence.

Consider the inequality x - % > 7. How large must the
number Xx be in order to make this sentence true? 1Is
5 -4 572 Is 12 - & > T2 Do you see that "x - 4 > 7" 1s
a true sentence i1f -x 1s any number greater than 11? Also,
"x -4 > 7" is-a false sentence for anvy other value of x.
The solution of this inequality, then, is the set of all num-
bers which are greater than 11.

-~

Exercises 13-2b

Translate each of the following sentences into symbols.

a. If the number x 1is added to 5, the result 1s equal

to 13.

If Bx 1s subtracted from x, the result is equal o 7.

The prbduct of 3 and x 1is equal to 24,

When x. 1is divided by 4, the result is 9.

When ten is added to the number x, the sum 1s 21.

< —Ff the number 7 1s multiplied by x, the product is
T35.¢

g. If the number 11 1s subtracted i'rom x, the

(9]

P00 o

—

difference is 75,

h. The number x minus & 1is 15.

i. The number x divided by 2 "1s equal to 7.
Six more than twice a numbey is 4,
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-2. rSolve ‘each of ?ﬁe ‘equations in Problem 1.

3. Translate each one of the following sentences into symuols,

st i

a. The sum of x and 2 1s greater than-
b. The product of 5 and x 1s less than 10.

c. The result of dividing x by 7 s greater than 2.
d. The nuﬁber X - minus three is greater than ¢,

e. ‘Pive subtracted from x 1is less than 13.

£. The prodiuet ot = and the namier X 1s greater than

9.
. o
g. Two less than three times a numver Js greater than 7.

~ 4. For'gach one of the inequalities you wrote In Problem

use your knowledge of arithmetic to find the soiution set

5. Translate each one of the following senternces into words.
Use the term “a number" or “a certaln number’ %o
represent the unknown number.

a. y+2=>5 r. 7 -k =2
b. z 4+ (73) =7 g, d - i<
c. 2a = "10 h. Z>3
" 4. h-5>09 Lok- 7=
e. 5m< 15 [N
' =0

6. Solve each equation and inequality in Problem 3.
T. wfite three other sentences which will have thc same

solution set as the sentence y = 5.
L

\ :
18-3. Formulas.

You have alr=ady used a special kind of equation Forv

"example, to find t.he number of square units of area in a

rectangle you used the rollowing:

. A =Lw

- This 1s an abbreviation of a rule. 1In words, this rule is |
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Aruitoxt provided by Eic:

"The number ol square untisc ol aren In
rectangle 15 (or. is ecqual to) the product of
number of units In the lengin nd the nupber o

3l

l1ike . 8o in the widuh,

When such a rule 1s abireviove o g wrbr o D ppe o
of an equatlon, 1t 1is called a [fcimmuls, T+ the lengoo and
width of a rectangle are knowr . then thite Uormula moar wo used
to find the arca of thar »earanyle . oo came formrda Lo need
to tfind the area of all reclanglon.

Many products are packed in oxlinarical cans. Usually,
a lacel made ol paper 15 pasted on vio o wivolidc surface o the

e
can. This latel covers all of the can e 17 the clircular to

and the circular bottom. The portlon ¢! the can covered by

the lavel ls called the lateral suriace ol the can. The

formula or tne =wcoa o the lateral surface ol o ¢ylinder s

wher::

o e i - (438 PRANGE Pt DAl ¢
"= SN : 1oy N N N
(I S ‘
N i BECI U
N 0 (gl ' .
[ R
(SR I
o [N SN e , N . K
LAamMiiL< AT L i 3 N P
Prasdoivshid il
. . N v vy
will. 2 H e FEN L : ! : '
. : { [ o -
Lot ammale 7
“
' : o N .
oo LA
~ - o
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Exercices 0 -

1. 7T = torm la for f.ondimgt who po sloeien o o
p - o & 4 .

a. “nd the perlmeter o0 o ooty le wnose Lot

tey

fec' and whose wildth
. Find the perimetsr oi 2 rectnngle whose lengih
' 1

-

&= Inches and whose widin 't o= Incheo.
> ™

2. !The formula for rir iy “he oes ol o rlangie
‘ 1
= =bh.
h=3

a. Find the area of Lriangde e Lame () s e

inches and whose nheight (h) s  Incheo.

-, 4 ~1 - - - - " — P - P - Yo e e - o e
U. PFlna the grea cof a triangle »hc tasc 1o 1Tiches

and whose helght 1s o= inches.

3. The formula for ti:¢ area of 2 square s A = 5,
a. Find the area of = cquare whooe slas 1o 170 inches.

L. Find the area of - square whosc side Is 7. Inchus.

4. Doug mows a lawn L0 feeco long nnd ‘¢ reev wlde. He

movis anotner lawn whizh s -0 U
wide. Use the rormul~n & = _@w ¢ ind tne area of each
lawn. Find the dii'verence v ins wrens ol vhese two lawns.

N

Use the rformula p = & Ao+ v i ind ihe perimeter ot

S3
.

a reccangular pletuss Crume whizh To o & Ueel long und

4 Peet wlde

.
& H -t i D - - P S PN - - et —~ o C e vy .
e Use the fformuin A . Coo o e ol ngunTe g
Y o ~ -3¢ 4 - - .t -
whose s5lde 1g LT o

7, The rormula Jor the aoec L7 L ;
A = Th wherc L N e, [ e Tl Do [RNATS
nelpnt Find thee ranow conarnlio o
ot . - ¥ E ISR ekl ’e
< L N ~ia " H
1. .
- ¢ = ool o —
o, =~ il
o o= 1 rad

O
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8.

[

The formula used in finding simple lnterest !s written

i

= prt, where

1s the number of dollars of interes:

p 1s the number of dollars in the princlpal
{or amount borrowed)

r 1is the rate (or percent) ol Interest pur
year

t 1s the number or years

Find the simple interest for a bank lcan of #750 for
t 6% 1interest.

s

%  years

o

Find the simple interest for a business loan of #1240
for 2% years at 54 1nterest.
Find the simplie interest tror a busin.ss loan of $3600

for 1 year and 9 months at . 1interest.

The formula for finding the circumference of a circle 1s

L

a.

L.

= 2Nr. (Use 3.14 for M ).

Find the circumference of a circle whose radius is

10 dinches.

'ind the circumicrence of 2 wheel whose diameter 1s
26  inches.

Find the circumierence of n tvabletup whose diameter
1ea s

»ind the circumierence of o bLatviterts circle whoseo

dlameter 1s . ¢ et

zoftball diamond is a2 sguare 0 {eel on a slde.
he perimeter of the

ot

Using the proper formula. 'ind
diamond.
Usin: vie preoper formci, {ind thz area oI the

softvall diamond.
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1.

12.

The formula shown at the
right may be used to find the
total distance traveled it
the rate of travel does not
if the
miles per hour

change. For example,
rate 1s 25
on a trip,

25 miles per hour through-

it remains at

ct
|

rt

miles in
{(In unis

numver ot
the distance
example)

rate oi Ltravel In
miles per hour
number o: uniits ol
time

out the trip.

a. FPFind the distance
at a rate of 45
15 hours.

b. Find the distance

traveled by an automouile moving

miles per hour (m.p.h.) 1tor

traveled by a plane at a speed of

420 m.p.h. for j% hours .
¢. Find the distance bvetween Bentonr

1

takes a train “ﬂ

at a speed of 56

and Cedarville i it
hours to cover thls distance

m.p.h.

Find the areas of tne [ollowing circles. (Use ~-.1% for )
a. whose radius is 13,

b. whose diameter ls 22.

¢. whose radius ls ARSI

VWhich 1s larger in area: a square whose side 1s +  :eet
or a circle whose radius is =+ tYesil? How much larger is
it? (Use ™ = “.1-).

The area of the Vlpure n ot he G

right 1s giyen Ly the jrormuls i

A= =n(a + b) /| \
where ) // Ih \\
n fs.thg measure Gi o ho / }1 \\
helght or sliliitude L b
a and b are the measurces ol no
bases.

Find the area o: uhlcs Fure

a, h=1", 2=, k

b, oA o=4F, L= 10, no=

¢c. L =1, nh =11, ; |

201
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15. a. PFind the volume of the
cylindrical tank pic-
tured at the right if
the radius i1s 1 foot
and the heignt is 3%
feet. (Use %r for 7 ).

b. Filnd the capacity of the tank in gallons. One cubile
foot holds 7% gallons.

1€. The form..a F = gc + %2 may be used to convert a
temperature reading on a Centlgrade thermometer to a
temperature reading on a Fahrenheit thermometer. Find
the correct Fahrenhelt temperature reading for each of
the following readings on a Centigrade thermometer.

(e}

a. 10° b. 100° c. 35° d. o0 e. 47°

18-4. Graphing Solution Sets of Sentences.

We can draw a picirure of the solution set of a sentencc on
the number line. Thils piccure is called the graph ¢? tne
ser tence. “

Example 1: Consider the sentence
x +3 =8

The solution =ct a1 this equaticn has only one
memrer. The solution set is {5}. On the numicr
line this set can be represented by a sol.d dot at
the point 5.

«—L | B 1 d i 1 1 ! 4 1 s
"8 ¢4 "3 "2 7| o] | 2
Example 2: Consider the sentence
X+ 5 =3 4+ x

First find the solution set. Try x = ©.
Does 6 + 3 =3 4+ 62 Try 13. Does 13 + 3 =
% 4 13?7 Try any other number. What property
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of addition tells us that thls sentence i3 true
no matter what numver we use tror x%? Thus, nhe
solution set for thls equation 1is the s«. oi all
numbers. The graph oi this solution set is o
heavy dark line as shown telow.

/I U N N N L
T 0 1t 2 3 4 5 6 7 8 9

PR T - T T N
"8 77 "8 5 4 "3 "2

Example 3: Consider the inequality
x - 4>7

Earlier in this chapter, we f{ourd that the
solution set of this lnequality 1s the set of ail
nunpers which are greater than 11. The graph of
this solution set 1s shown below. The "open"
circle (o ) shows that the number 11 is not
included in the graph.

$lllll i 2 ) U SR N S SN DU R S | lijlnkt el
6 B 432" O | 2 3 4 5 6 7 B8 9 10 0l 12 13 i4 15
Example L. Consicer the equatvion
11+ x =
Vhat is the solullon get? Try some nunmbers.

Recall what you have learned avoul negatlive numbers.
What 1s 11 + ("7)°2 Is 7 a member o: the

solution set? Can you {ind anyv onthc: mempers ol h
the sct?  You should not ve able to do so. The
solution set [or this equatlon s (7). This is

shown o1 the number line telow.

| I N SR I G N S U T R U W N S S N |
"9 R "7 6 5 4 °3 2" O 1 2 3 4 5 & 7T 8 9
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Example 5: Conslder the inequallty \\\\\\

) . x - 4<1

. For what numvers 15 this inequality a true
sentence? Try some numbers. Do you find that the
solution set of this inequality 1is the set ol all
numbers less than 5? On the numcer line below
“hls is represented as an "open" circle at the poin.
corresponding to 5 and a heavy black line drawn
along all points of the number line which lle to
the left of 5.

ST7 "6 8 % "3 "2 1 O I 2 3 4

Some solution sets contaln only one member. The graph of
such'sets\may be represented by a single filled circular mark
on the nUmber line. The circle 1s drawn at the point which
corresponds to the number in the solution set.

If the solution set 1s the set of all numbers, the graph
is a heavy, dark line along the entire number line. 1In this
case, the sblution set 1s represented bty the _entire number
line. '

The graph of the solution set for inequalities is often
represented vy part of a number line. The inequalitles con-

. sideredmgn this chapter were all represented by half-lines on
"the numbg;ﬁﬂgne. An open, or empty, circle was used to indlcate

a pcint not fncluded In the graph.

Exerclses 1+-4

1. .Mnd the solution set for each of the followling sentences.
a. ®x + 2 =i e, x - 4> 1
b. L +x=0 O |
L
o 2x = £ £. °x < 10
d. “x < i A, - x> 1
2ah

-

ot

o
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For each one of the sentences 1n Problem 1 graph the

solutlon set on a number line.

Find the solution set for each of the followlng sentences.

a. x+1=1+x e. 3W = 15

b. y-15>0 £. 14 + x = 13
c. 1 -Db>0 £, 13 = x = 14
d. a+2=1+a *h, % = "1

For each one of th: sentevces in Problem 3 graph the

solution set on a number .ine.

Find the soluticn sSet o -1 of the following sentences.

a. 2x +3 = 7 L. 2n + 1 =1 + 2n
b. 3m -1 =5 g, 6X + 7 = U3
.¢. 2b+1> 09 &, dmo- 5 ¢ 19
d. 3x +3<0 Lof+1=0
e. 5m-1="T16 L-.250

For

hat|

10.

11.

For each one of the senteices in Problem 5 graph the
solutlon set on a number line.

each of Problems 7-1%,
a. Write a sentence.
b. PFind the solution set of the sentence.
¢. Graph the solutlon set of the sentence.

A certain number added to seven equals fourteen.

If gsix 1s added to two times a certvalin prmper tne redux
is 10.

The product of &5 and a certaln number 1s greater than

Zero.

If 3 1s subtracted from a certain number the result is
less than 1.

A certalin number 1s multiplied vy three. Then 2 1s added

to this new number. This result Is greater than 8.

295 o~
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12. The sum of a certain number and two times that nuinber
is 12.

13. The sum of a certain number and itself 1s less than 4,

14, If 1 1s added to four times Susie's age 1in years, the
resulE is 21.

£y

18-5. Summary.

In your work in this chapter you learned how to translate
English sentences into equations and inequalities. These skills
will\be very helpful in youf future work in mathematics. Also,
you found solution sets for sentences and made graphs of these
solution sets. The technique of graphing a solution set 1s
very common and usefui in many flelds of mathematlcs.

Since vocabulary 1s essentlial 1n our work, the important .
terms of this chapter are listed below for your review and

ready reference.

1. PHRASE. A phrase 1s a part of a sentence which describes
or represents a number. Some phrases represent specific
numbers such as 15 or 83 - 3. Other phrases such as
ll1x or y + 2 do not represent a specific number.

2. SENTENCE. A sentence conslsts of two phrases connected by
a verb. The most common verbs in mathematics are "=",
"<H and H>II

, .

5. EQUATION. An equation 1s a-sentence whiech uses the verb
"=". Equations are used Wo-express the idea that two
rhrases are names for Lie same numbor,

4., INEQUALITY. An 1nequality 1s a sentence whrich uses the
verb "<" or the verb ">". 1Inequalities are used to

express the ldea that two numbers are not equal.

5. SOLUTION SET. A solution set is the set of values which
make a sentence true. When we find the solution set of a
gentence, we say we have solved the equation or the

© inequality.
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6. FORMULA. A formula is a special kind of equation. A
formula 1s a mathematical abbreviation of a rule.

7. GRAPH. A graph of a sentence 1s a picture representation
of the solution s2t of the sentence.

18-6. Chapter Review.

Exercises 18-6

1. Translate each of the following phrases into symbols.
a. The sum of some number and forty-three.
“b. The product of some number and eleven.
c. Six less than three times some number.

2. Name the three most common "verbs" used in sentences.

3, Translate each of the following phrases into words.

a. 2x + 9

b. x - (T2) !

.. 12
© 3%
4, Find the number represented by each of the open phrases in

Problem 3 when X = 3.
How can you recognize an equation?

Translate each of the follSWing sentences into symbols.

a. The number y added to sixteen 1s twelve.

b. The sum of x and 14 1s greater than 15.

¢. 8ix less than three times a certain number 1s less
than 12.

d. The product of 4 and 2 certain number i3 20.

7. what is a solutlon set?

Find the solution set of each of the sentences in Problem

6.
9. Writep§wo other sentences which have the same solution set
as y >2.

29%

-
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10. Use the formula p = 2.¢ + 2w to find the perimeter of a
ctangle whose length is 5% feet and whose width is

cC
% feet. ,
11. Use the formula A = S to find the area of a square

flower garden whose side 1s 6% feet.

T

2

12. What 18 a graph of a sentence?

13. Graph the solution set of each of the parts of Probliem 6.

18-7. Cumulative Review.

Exercises 18-7

1. The average of filve numbers 1is obtained by adding the
numbers and dividing the sum by five. Find the average of
the numbers (8, 10, o0, "1, "3}.

2. Perform the indicated operations and simplify:

1 1 1.
a. 35 +_1'é" d. 35—_10
= !
b. 10 x 12 e. 10+
c. Tee - 12 £33 - 5
- 16 T W )

Ui
=D

3. Which of the {ollowing numbers is equal to
0.60, 0.6, &, 0.0%, (07

4, Round each of the following as indicated:
a. 987.554 (to the nearest hundred)
b. 987.65% (t¢<. the nearest hundredth)

Do the following operatlons.

a. 15 + 0.012 - 1.3

b. 17.045 -+ 100

c. 17.045 x 100

d. *1 < 15.1 (round answer to the nearest tenth)

i

6. Multiply 3 by 6, then subtract 12 {rom the
product, then divide the result by  ©.
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7. Find the following products:
a. 10x "10x 0

b. 1 x "3 x &1 -

r—

x5 x 8

Q

d. 0.5x 0.2x38

8. 1If the length of a segment is correctly stated to be 7%
inches, 1t might be as short as , or as long as

9. The area of a square is €4 sq. units.
a. What 1s 1its length?
b. Wnhat 1s 1ts width?
c What 1s 1ts perimeter?

10. If ,pl and /f2 are parallel lines cut by the
transversal t,

a, Name an angle which

corresponds to /e. }\b 4z,

b. Name.an angle which 1is c\d
supplementary to /b. \\\\ 3; ,j

¢c. Name an angle which 1is \\? : i\\\
vertical to /b. t :

d. If m(/a) =15, find m(/b), m(fc), m(/d), m(le).
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Chapter 19

COORDINATES IN THE PLANE

19-1. Locating Points 1n a Plane.

We have seen that the number line gives us a way oi using
‘numbers to express the location of points on a line. We can
also use numbers to locate points in a plane. But now we need
to use two numbers instead of one to locate each point. Let
us see some examples of how this may be done.

Here 1s a picture of a classroom.

5 Kay’ Mike| [Nora Eve carl

4 Fred| |petel |cary| |May | [vell

3 Ray Ed June My ra Paul

2 1 Ann Emma| Bi11 Don Max
i

1 John Mary Jane Jim Sue

SEAT 4=
////ﬁew 1 2 3 4 5

We can think of thz classroom as part of a plane and the seats
as points in the plane. We see that Ed sits in Row 2, Seat
We could shorten this to (R 2, S 3). We could even sho
it to just (2, 3) 1if we are careful to rememier co write t
row number first and the seat number second. Now you S

way in which we can use a palr of numbers to locate a position

in a plane,.
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We just saw that Ed's position is {2, *}. Do

that Bili's position i1s (3, Z)}? Do you see why it
to keep the order decided upcn and to wrlte thne row

first and the seat number seconu”

Exerclses l19-la

{Class Discussion)
1.. a. Who 8its at (4,5)%
b. Who sits at (5,4)?

¢. What pair of numters gives Pete!'s pcsition®

d. What palr of numbers gives Donfs position?

5}

. Write the set of all the
seats occupied cy girls.

3, Consider the set ol students:

{Fred, ©Pete, Gary, May, Nelill.
a. What do thelr positions have in common?
L. Write the set of numter cairs corresponding to
students.
¢. VWhat do these numbter palrs hzve In common?
4. (Constider the set of students:
{(Jane, B1il, June, Gary, loral
a. Wnhat do their positions have 1n common?
b. Write the set < numier palrs corresponding to
students.
¢. Wnat do these numter galrs have 1in commen?
5 a. Wnhat 1s the intersection of tre setg 90 studen:
Problems * and «°
D. What is the intergectlion o Zhne sous 20 numier
Iin Froblems and -
t a Find the set o:f suudents bl ¥ mLrr oind
numter egual
T Find a2 gecmetnls w > ; N netutor

haY

numzer palirs which corresponc

a

To
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S Lumbor

-3

' .

\Here ls another example o lllusurnto oo O clousing
pairsg of numcers Lo lecats polnts Ylnoa pooane
Example: - Shown zelow 1i o man o CCWT DD WRL DT S

(Tnis town was selected Decause wli 1Uo SUresis oun

e o : o - et e e
tvs vlocks are ol ne

o 3
f1:)
e
D
3
[8.23
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f
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e
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ot
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You are a policemaﬁ 8%
bullding at East Avenue and
sick <og asks you where the
you tell him?

blocks EKast and

You can tell
located 5
shortened to (% &, » ).

anding

North Stre
velsrinard

You ve s%ill a policem
Nor-th
how can tell =
the
the

. the

You
Kindergar
Telephone
Wharf?

Yacht Ciubt?

@. the gQuadrangl

a.,

you give the 10

a)

.  eal lunen®
D see a i.ang

0

. neam a con
c

see

)
(‘
[
3
~
3

read

. tuy a

g. nave nis tons'is a2
h. take a course I adl
. In giving vre lozatlor
we can drop the lottor
I we do thnils, we must
address” firat and tne

Wy .

o
Street. FExpresslin

the
g location

Lne 10

c. loonal

ct e W g

3 as

~
ca

corner

House

3

1

YoTnhe
RRS ofs
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i
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4. If a svranger asks you {or the location of the park, you
probably will say, '"“hree blocks Easi”. If he then asks
how many blocks North it Is, you may say, "no blocks North"

or "zero blocks North". Then you may express this location
in the same way as in Proble: % as (%, 0) which means

% . blocks East, C© Dblocks North. Now to what locatlon

will you senG a person who wants to:

&. buy a jar of peanut butter?

b. pay his taxes?

c. get a,tire repalired?

a. enroli his elght year old boy in sc¢hool?
e. take out a fire Insurance policy”

. report a fire?

g. have 2 burn bandaged?

. get some ointment for a burn?
i. rorrow a Dook?

‘. vrent an office?

what bulldings are at corners having an East address

\Jl
)

and a North address whlilch are the same”
b. On what kind of geometrical figure do these corners
1

ie?

o
)

What buildings have their XNorth address greater than
~helr East address?

v. Where do these bulldings lle”
7. =a. L1 the other lccaticens whiz2n lie on the same

street as tre Restaurant and Lie VWnaar!.
T

[}
ct
o
ot
fu]

he corresponding number pairs.

2. What do these numter palrs have in common?

1. Do you see =hat pulldings lying on the same Norih-50uth
street all have ~he same East address?

ruildings which 2re on the ganme

1
»
Ft
e
0
cr
W
—t
b
ct
>
i
o)
e
3
T
"3

&
street, as the Drug Store and the Quadrangle.

e numter palrs corresponding to these rulldings.

5 List th

c what do these pumier palrs have in ccmmon?

d. Do you see tha® bulldings 1lying on the s.me Easi-Waol
sIreet nave e same Nortin address

[6%}
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9. Suppose you wish to walk from the Office Building to tﬁe
Fire House.
a. How many blocks East wilill you walk?
b. How many blocks North?
¢. How many bloels in all®

10. In‘Probiem 9 suppose 1t were possible to cut Straight
across the blocks, how far would you have to walk? (Gi&@
the answer in blocks, not in inches. To do this you will™
have to make your own ruler ny marking the edge or a piece
of paper in blocks. Measure between the corners at which
the bulldings are located, not between the bulldings
themselves.)

19-2.- Coordinates in the Plane.

‘ Now that yow have answered the questions 1in the last
section, you are ready to take up the general problem of
locating points in a plare. -

First draw two numter lines, one horizontal and onec
vertical.

Flpure
o~
Notice that the four anFlen determlined vy rthes:s Llnes are 2l
rlght angles, Now pilace coori. paves onoeach Dire using these
rules:
1 The polnt o nue AN P oo ls o s
the oero-po!l COrILIn) onoLont Dipes .,
.
-
/
,
. i

ERIC
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2. The same unit of distance 1is to be used on both
lines.

Now you have a picture that looks like this:

3t Y
R N
.2-~
'.o.
-5 4 -3 -2 -1 9% | 2 3 &4 5 X

-4 R

-1

-3
Figure 2

The horizontal line is called the X~axls and the vertical line
is called the Y~axis. The plural of the word "axis" is "axes"
(pronounced axe-ease, with the accent on wvhe axe). The point
of intersection of the axes 1is called the origin.

Now pick a point S 1n the plane of these two axes. 1In
Figure 3, a point S has been marked.

Flgure 3

307
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Next draw a vertical line through S as in Figure 4.

Y
2] s
A
s
-2 -1 9 | 2 iz «x
1
ol |

Figure & {\\///

Look at the point where ,Z , crosses the X-axis. The
coordinate of this point 15 called the X-coordinate of S.
In this case the X-coordinate of S 15 3. Now look at
Figure 5.

Y
- A
2 >—
s
2 -1 9 1 2 T3 X
|
-5l
Figure 5

Here a horizontal line '1?2 is drawn through S. The
:cdordinate of the point where this 1line crosses the Y-axis
is called the Y-coordinate of S, In Figure € you see the

- pilcture with both lines drawn Just as it will appear on your
paper when you do this kind of problem.
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A
\/ e
D A s_ K
5 ,
l--
2 -1 ° 1 2 |a
-1
1
r
b
Figure 6

EXerclses 19-2a

(Class Discussion)

Using the picture below fill in the table.

4
J
E 3 B
c L 2 A | ]
— R |
=5 -4 -3 2 -] ©° 1 2 3 4 3§ 6 8 o 0
_% 'L
i
i
¢ T e |
. ! |
- D | i |
i ! i \ ]
: L4 ; ; ‘ L
I ! |
| i ‘
Ko -kl . ‘ | J
! 5} Figure 7/ ‘
Point A|B|C/D|E|F|G|H|TI}J LM
X-coordinate
Y-coordinate L L
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Naturally, we should like to find a shorter way of giving
the position of a point. It takes too long to write:

Y

.The X-coordinate of A 18 3 and the Y-cecurdinate
of A is 2.

Instead we shall simply denote A by (3, 2).
You might wonder how people can tell which number is the
X-coordinate and which 1is the Y-coordinate.
It happens that people all over the world have agreed to
put the X-coordinate first and the Y-coordinate second.
N Drawing a point in the plane when its coordinates are
glven 1is called plotting the point. You will be asked to plot
several points in the following exerciszs.

Exercises 19-2b
(Class Discussion)

1. quy the table and fi1ll in the coordinates of the points
shown in Figure 7.

Point A B C D E F G H I J K L M

Coordinates|3,2)|(2.3)

2. a. What do the points E, L, H and K in Figure 7
have in common?
b. What do theilr coordinates have in common?

2. a. Vhat do the points C, L, A and M have in common?
b. What do their coordinates have in common?

4, Plot the ﬁoints whose cbordlnates are given below.

Point P T alals 2] ol v]w] x ]y |z

Coordinates [(1,4) { (6. 1) {(4,4)]C1,3) [(4,3) [ (7,°3)|5,-9)|(3.9](3,-8)|¢5,-)[¢2 3)

310

P‘/"




19-2

. You(ﬁill'remember trat a line separates a plane into two
half-planes. The XY-axis separates the plane into two half-
planes called the upper half-plane and the lower half-plane.

N A T
“UPPER HALF-PLANE - /,
(Y—éoordinate positive)

LI L L LY

s

SETeemTEmIEALI AN P

LOWER HALF-PLANE
(Y-zoordinate negative)™

Do you see that:
' .points in the upper half-plane have positive Y-coordinates?
" points in the lowar half-plane have negative Y-coordinates?
points on the X—axis have Y-coordinates equal to zero?

LEFT RN RIGHT
HALF-PLANE AN HALF-PLANE
RN
- {X-coordinate >§\;l (X-coordinate
negative) 5:§: . positive)

~

You shoudd see that:
points in the right half-plane have X-coordinate positive;
points in the left half-plane have X-coprdinate negative;
p&ints cn the Y-axls have X-coordi ~-?:”—/equal to zero.
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oﬁhe

If you place one of the last two plctures on top of the
r, you can see that these four half-planes intersect 1n

four regions. These reglons are called quadrants.

- Thes
angl

. | )
7

/// 0

. -

. ——

QUADRANT
m

e quadrants are simply the interiors of the four (right)
es formed by the two axes.

Exerciss - 19-2¢
(Class viscussion)

Points in the first quadrant have X-coordinates

since they lie in the half-plane; and they have
Y-coordinates sinde they lie in the

half-plane. '

Points in the second quadrant have v X-coordinates

since they ile in the half-plane; and they have
Y-coordinates since they lle in the __

half-rlane.

Points in the third quadrant have X-coordinates

.since they lie in the half-plane; and they have

Y-coordinates since they lie in the

half-plane. /
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Points in the fourth gquadrant have X~-coordinates

since they 1lie 1in the half-plane; and they have
Y-coordinates since they 1lie in the

half-plane.

You may use a plcture to help you remember these facts:

T [ 1
(—, 4+ +,+
m v
(=~ -+, =)

Exerclses 19-2d

Plot the following points and draw line segments connecting
each point to the following one. Then ~onnect the first and
last points.

A (0, 9), B (5, 5), C(2,6), D (6, 2), E(2,3),
F (7, "2), & (1, 2), B, 7)), 11, 7, J{1, "2),
K (-71 -2):' L (_21 5): M (—61 2): N <_2J 6): 0 (-‘51 5)

Plot the foliowing polnts ar? draw line segments connecting
each point to thé following one. Connect the first- and

last points.

A (6, 1), B (8, &), ¢ (7, 0), D (10, 3), E (&, 1),
F (73, 75), 6 (79, W), H(6 "2), (9 2, J ("7, 1),
K (0, ¥), L ("1, 2).
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2., a. Plot the following points: A (7, "3), B ("2, 10),
; ¢ (72, 76), D (7, 7), E (73, 2).
b. Draw the line segments: AB, BC, CD, DE, EA.
4, Without plotting, give the quadrants of the points whose
coordinates are given below.

a. (3, 5) g. (3, 5)
R b. (1, 74) h. (100, 2)
c. (T4, "u) 1. (31, "31)
d. (73, T1). §. (77, T72),
e. (8, 6) k. (751, 25)
£. (77, 1) 1. (727, "100)
5;; Plot the following pcints using the same coordinate plane:
a. A (f2) . £ F (% D
b, 5 (5 %) g G (0, )
, 10 4 1 -
2. C (_-5_’ 3) h H (2: 2)
d. D (3, 0) 1. 1 (76, 32)
e. E (76, &) j. 3 (0, 0)

6. Plot the following points using thg/;ame coordibate plane:
a. A (1.4, 5.3)
b. B (75.5, 73.5)
c. C (6, "2.7)
d. D (“3,13.3) N
e. E (0, "1.5)
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7. Here 1s a map with X- and Y-axr. ‘rawn on it and the
"integer points" marked on the axe

!

Give (ss accurately as you can) the coordin: “rr of:
.a. the door of the church

b. the gasoline pumps'

c. the ends of the hlghway bridge

d. the middle of the railroad bridge

e. the corner of the orchard

g. the

f. home-plate on the baseball diamond

crossrcads on the left bank of the river

oy -
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8. On the map in Problem 7 - auoTind arouh
following points:

d. The orligin SO S
b. (2, 5) _ T

19<3.  Graphs In the Plane.

The study of rocometry wlin the use or coordinates Ls

calijed coordinate geometry. This

tranch of mathematics was
r

5
‘gtarted by the mathematician Rend Descz This
inventlion was a great st... Torw:rd in mathematics and made

possible the discovery ol zalculus whish “oll rjed shortly

after. In the rest or t-in CLer oot Wil Tenvn alout some

~

{Class Discussion)

On the coordinate plane relow we have drawn oHé | 'ne xf

through the point 4 {0, 0) and tne polnt B (5, =). The notation

: — —_ ) . N
B (5. 3) means thn: =7 g = uscd Yo name the point

whose coordinates

)
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All the graphs you have drawn in the last o=t of
exerclses, and some others as well, 21: shown !5 the Uoitowing

figure.
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You should
graph any closer th
of "rounding” the a

not

exactly the same recult which you getv Ly multlplying:
Until now we have teen doing muliipl!i-atlen v a nnnbor
b graphically only when the number o dg poslitive.  The
method works ‘fustu as well when U 1g negatlive
Exepclises 1la--1
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Exercises 1a-:i¢

et

- @&. Draw the graph of vy = 5x -
steps: Find the TY-coordlnartes

the X-coordinaies are gilven nLelow.

Exampl . When x = "4, v =

%__

X-conrdinate T = ’13 !’2 P
- i [
B
|

| Y-coordinate ; Ta

——— e e o B Tl U —

b. Plot the polnts whose
¢. On what kind of curve 4o zhese
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Answer the questions in Frovlem 1 -
and for the rolleowing equations:

a. ¥ = x <+
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We can find the result by counting the number of units from

A to B. We find the answer to be 3. Ve could also have

" obtained this result by subtracting the coordlnate o' A from
that of B:

5 ~-2=73,
What 1s the distance between C and D below?
, D N
3 2 1 o6 1 ¢ 3 4 5 6 71 =8

~ Again we can count the units between C and D and find that
the distance is 6. Or we could subtract the coordinate of
D from that of C,

- (72),

and again obtain 6.

We sée_that t1e distance between two polnts on the number
line is the diffwr~:e of the coordinates of these points--
the greater minus the smaller.

The same method can be applied to finding distances
between pairs of points in the coordiriate plane in certain
special'cases.

N
|

|
b — e
|
|

cee4 | DI (54)

EC32) ! _,

FPigure 11

331
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\

Let us find the distance between A(2, 0) and B(5, 0)
in Figure 11. The X—coz¥dinates of these points are jJust the
coordinates of these same points on the X-axls when we consider
the X-axls as a number line. So the distance between A(2, 0)
and B(5, 0) 1s 5 - 2, the difference of the X-coordinates
of these points.

Now let us find the distance between the points C(2, 4)
and D(5, 4). You can see that the points ABDC form a
rectangle. The opposite sides AB and CD therefore have
equal lengths. We know that the length of AB 1s the
difference of the X-coordinates of A and B. But the
X-coordinates of C and D are respectively the same as
those of A and B. Therefore, the distance between C and

D 1s the difference of the X-coordinates of C and D, or
5 - 2.' You should be able to see that: ‘

‘ If two polnts lle on the same horizontal line
(or what amounts to the same thing} 1f they have the
same Y-coordinate), then the distance between them 1s
the difrerence of their X-coordinates (the greater

minus the smaller.)

Similarly:

If two points lle on the same vertical line
(or what amounts to the same thing, if they have the
same X-coordinate), then the distance between them
1s the difference of their Y-coordinates.

_Now we. know how to find the dlstance between two points if
they lie on the same horilzontal 1line or if the—r lie on the same
vertical line. But how can we handle other situations? For
example, how can we flnd the distance between the points A
and D in Figure 11? or between the points C and E?

Here 18 one thing we can do. Ve can make a ruler by
marking off on the edge of a sheet of paper the units used in
constructling our coordinate system.
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Then we can use this ruler to measure distances between points
~in Figure 1l1. We show how to measure the distance between C
and 'E 1in the followirg figure:

4)_Cl2.a) D (54)

(w
\\\
2
N

'
(>
{2
N
& i
P
R

v &

& B (5,0)
(&) s
&

Figure 12

, We see that the distance between C and E 1is
Epproximately 7.2. Measure the distance between A and D
[in Figure 12. In some ways this method of finding distances
i18 not very good. When we were given the coordinates of two
5points on the same vertical or horizontal line we could find
. the exact numérical value of the distance. When we have to
jmeasure to find distances, the accuracy of our answer depends
f on the accuracy with which our points . are plotted and the
" aceuracy with which we can read our ruler. After we have read
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the
for

any

g.
4. (3, %) and (3,9 .

next two sections, we shall be ready to work out a method

finding the exact numerical value of the distance between

two pdints.

Exercises 19-5

Find the distance between the following pairs of points

" without plotting. "Tell whether the points lie on a

vertical line or on 'a horizontal 1line. .
a. (0, 0) and (5, 0) e. (2, 7) and (2, 71)
b. (2, 0) and (2, 7) f. 1) and (73, "1)

c. (3, 4) and (8, 4)

(76,

(78, 2) ana (7, 2)
("4, "8) and ("4, T6)
P;ot the pairs of points given in Problem 1 and check your
answers to Problem 1 on your graph.

a. Draw the trilangle whose vertices are the points
A(4, 0), B(0, 3), c(0, 0).
b. What is the length of AC?
c. What 1s the length of BC?
d. Make a ruler like the one described in this section
~ 'and measure the length of &B.

a. Plot the points A(0, 0), B(6, 0), and C(3, 4).

'b. Draw &S, BC, AC and measure these distances with a

o o0 o

ruler made out of coordinate paper.

a. Plot the points ~A(2, 2), B("2, 2), c("2, "3), and

D(2, 73).
. Draw AB, BC, CD, and DR, and find their lengths.
What kind of curve 1s this figure?
. Draw the diagonals.
What are the coordinates of the poilnt of intersection
of the diagonals?
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\
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o]
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6. a. Plot the points S(
v(™3,1).

Draw 8T, TuU, UV, and VS.

What is the distance from S to V?

What is the distance from T to U?

What 1s the name of the quadrilateral STUV?

Draw the diagonals and find the coordinates of thelr

0O QO 0 o

point of intersection from the graph.

7. The vertices of a trapezoid are at the points ( #, 3),
(o, 0), (3, 0) and (7, 3). Plot thesc points. What
_are the lengths of the parallel sides of the trapezoid?

19-6. A Property of Right Triangles.

In this section, and in the next, we are going to study
a fawous property of right triangles. It 1is important in
elementary mathematics as well as in the most advanced
mathematiecs. It 1s also very interesting and simple tc state.

Take a right triangle

and place a square on each side of its edges as shown:

g
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Then the area of the square placed on the hypotenuse (the side
opposite the right angle) 1s the sum of the areas of the other
squares. If the lengths of the sides are a, b, and ¢,

\_vggh c/‘being the length of the hypotenuse, then the state-
ment becomes

o]
a2+b"=c

2
You can check the truth of this statement in Some simple
cases. First locate the point A(Y, 0) and the point B(0,3)

on the coordinate plane. B ¢ {0,3)

C(0,0) A(4,0)

336
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Let the point C be the origin (0, 0). Now the angle ACB 1is
a'right angle so that the triangle ACB 1s a right triangle
with its segment AB as hypotenuse. The sides AC and BC
have lengths 4 and 3. If you now measure the length of AB
you will find that this length seems to be exactly 5. It is
eaéy to check that ‘ .

2 2 2
37 4 45 =57,

This shows that the relation
a2 + b2 - 02

_ seem8 to hold in this case, but you have not proved it. If
the true length of AB were 5.01 you would not have detectec
it in your measurement. In that case

a2 + b2 and c2

would have been nearly equal but not quite. The accuracy to
which ~a2 + b2 and c2 agree in your drawing depends on the
accuracy of your drawing and your measurement.

The first person known to have given a proof of this
property was the Greek mathematician Pythagoras, who lived
about 500 B.C. (nearly 2500 years ago!). Because he was the
first to prove it, the property is still known by hls name;
it 1s called the Pythagofean Property.

Pythagoras proved that: 1in any right triangle, the area
of the square on the hypotenuse (longest side) is equal to
the sum of the areas ég the squares on the other two sides.

In the next section, you will see a proof of the
Pythagorean Property, but it will not be the proof given by

Pythagoras.

Exercises 19-6

1. In each of the following cases, two vertices of a right
triangle are given. The third is C(0, 0). Draw each
triangle. Measure AB as carefully as you can and check

+o determine whether a2 + b2 = c2.
a. A(12, 0) B(o, 5) "~ ¢ A(24, 0) B(O, 7)
b. ‘A(15, 0) B(0, 8) d.. A(21, o) B(0, 20)

337
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2. In the following problems AB 1s not & whole number.
Measure AB to the nearest tenth and see how closely
2 2 2 :
a + b and ¢ agree.
a A(B’ O) B(O’ 2)
b. A(5, 0) B(0, %)
c

A(7, 0) B(O, 5)

-~

"19-T. A Proof of the Pythagorean Property.

The purpose of this section 1s to prove the Pythagorean
Property. Before we can begin this proof two simple facts
must be pointed out.

First let us consider a right triangle ABC

B

wlth the right angle at C. The sum of the measures of the
three angles of the triangle 1s 130 and the measure of the
angle C 1is 90. _

Therefore the sum of the measures of angles A and B
(the angles marked 1 and 2) 1is 90. Now cut out an exact
copy of A ABC, call it A A'BC!. '

338
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The two angles marked 1 will have equal measures. So
will the two angles marked 2. Now move the triangle A'B'C!
until A' coincides with B, and B' coincides with A,
and C and C' are on opposite sides of ’E; like this:
A 1

B ¢
2 \

N
@

We see that the figure we have obtained is a rectangle
i ‘because each of the corner angles is a right angle. This is
true because we have already shown that an angle marked 1
and an angle marked 2 have the sum of their measures equal
to 90.

That 15 the first of the simple facts which we need. The
second igs even simpler. It is this. Suppose you have a reglon,
"say a rectangular region as shown.

And suppose you make a cut-out of another region, say a
triangular one, as shown.
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And suppose you place this cut-out on top of the rectangular
region. Then the area of the part of the rectangular region
remaining uncovered will be the same, no matter where the
triangle is placed.

With this ground-work laid we are ready to prove the .
-Pythagorean Theorem. First take any right triangle with sides

~of length a, b, and ¢, where c¢ 1s the hypotenuse.

l
|

™~

b |

|
Cut out four exact coples of th%b triangle:
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Next draw a square with side a + b.

a+b

Place the 4 cut-out triangles on the square in two different

ways like this:
a

2

a p b
Figure 13 Figure 14

As we have observed, the shaded reg;pns will have the same
area in the two cases. In PFigure 13 we see that the sﬁaded
area 1is the sum of the areas ?: a square of side a and a
square of side b. We shall show that the shaded region in
Figure 14 is a square with side c.

Since this region has 4 sides each of length ¢ all
we have to show 1s that each angle has a measure of 90. Look
at Figure 14. ) Note the three angles marked 1, 2 and 3
having P as vertex. We know that the sum of the measures of
these angles is 180. But the sum of the measures of the
angles marked 1 and 2 1s 90. This leaves 90 for the
measure of the angle marked 3. In the same way we see that

34
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the other angles of the shaded region in Figure 14 are right
angles. This region 1s therefore a square with side-length c.

Now we have shown that

a® + b2 = ¢°,

Exercises 19-7

1. Find c2 VA c2 = a2 + b7 and
a. a=3%, b=2%4
b. a=5, b=12
c.:a =24, b =17
d./ a =10, b =10

2.:3Find a2 if c? = a2 + b2 and
.a. b =9, c =15
b. b,=20, ¢ =25
¢. b =20, ¢ =29
’d. b =1, c = 15

3. Find the number whose square is
a. 64 £. 900
b. 225 g. 10,000
c. 169 h. 1600
d. 144 i. 121
e. 100 J. 2500

‘4, A square piece of land contains 8100 sQuare vards. What
1s the length of one side?

"5. If two legs of a right triangle are 18 inches and 24
inches long, what i1s the length of the hypotenuse?

6. What is the iength of the diagonal of a rectangle whose
length is 3 feet and whose width is 6 feet?

‘ 342
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fipures are all

7. The followling

length of the missing side.

a. b.
it
5
la“
c.
/
100 5
l f
1
‘ 60’
B. BRADINBUSTER. A paciling box Las
b - .
~Dy 30 In.  Can youw pack a gun
s> that 1t wllii lie ©lat on the

=

Find

“he

e,

N

Zack to Distance.

19-3.

liow that we know the Pythagorean Property ve
.2turn to the prowvlem of distance in the plane.

.l solve the proolem cbmpletely.
Tet us try to {ind the distance
:B(u0). '
4+
A (O, 3)
3 v
2
; !
o, B
‘ ' y e
\ 0 P2 3 4
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These two polnts, together with the crigin, 0, are the
vertlces of a right triangle. 230

0ko,0) | B(4,0)

The lengths of two of the sides OA and ‘OB are seen to be
3 and 4. The length of the hypotenuse AB 1is the distance
between A and B. Now we can use the Pythagorean Properfy.

It tells us that

AB® = OA® + oB°

or .
ABS = 3% + 42 = 9 4+ 16 = 25.
And now since the square of the number AB 1s 25 we see
‘ that ' '
o AB = 5.

Check this by measuring. .
Let us try another problem. Let us find the distance

between C(0, 5) and D{(6, 0).

Again we have

or
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We see that CD2 = 61 but what i1s CD 1tself? Do you
know a number whose square i1s 61? We handle this by wrilting

' » cD = ~B1.

We read this as CD equals the square root of 61. The symbol

"J/61 " 1is a name for the positive number whose square 1is
61. Similarly, the symbol "./5 " 1is a name for the positive
number whose square is 5, and ”.Vﬁ- " is a name for the

positive number whose square is 4.

" But what is +B1 ? It is easy to see that 1 = 2
because 22 =4 and O = 3 because 32 =9 and /25 =5
because: 52 25. But there is no whole number whose square
is 61. We shall learn more abeut numbers like v?I 1in the

next chaptef. For use now, there is a table at the end of this

it

chapter which gives decimal approximations to the square roots
of counting numbers from 1 to 100. This table gives
approximations to the nearest thousandth. For example, oppoéite
61 in the table of syuare roots we {'ind 71310. This tells

_us that

7.2095 < Vb1 < 7.3105.

You could have found this without the table by notipg that

7° = k9 ¢ 61 and 3¢ 2 6L > 61
—
so that . 7 < 01 < 3.
And (7.8.)2 = 60.34 <61  and (7.9)2 = 62.41 > 61
so that 7.3 < &Bl < 7.9 and so on.

Now we are ready to consider the general case. We shall
try to f;nd the distance between the points A(l, 2) and
B(8, 6). For this purpose let us suppose we have a bug which
can move only on vertical and horizontal lines. Put the bug
down at point A and let him move to point B. How can he
do this?

345
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B (8,6)

AC12)

- N w S oo

|
l
t
|
I
!
|
|
|
|
|

P — —— —

e 4

X-coordinate ©1 7l o 3 P 5 6 T g% © X-coordinate
of A——. ~——of B

. As you can see he will first travel hor¢zonta11y until he
reaches the vertical line through B. How far will he travel
horizontally° Can you see .that this distance is the difference
of the X-coordinates of the points A and B, or 8 - 1%

Next he will turn the corner znd proceed along this
vertical line to B. ’

Y-o0ordinate g1 ——- el B 8,8
5.
a1
Y-coordinate P :
of. AJ' A (1,2)
o 1 2 34 56 7869610

How far will he trévelvvertically? Do you see that this
distance is the difference of the Y-coordinates bf A and
B, namely 6 - 22

Finally we see that the path of the bug corisists ol a
horizontal segment and a vertical segment. Moreover these
two segments form the sides of a right triangle which has the
segment AB as hypotenuse.

346 L {
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B (8,6)

_—n W P D

et

— I

°f' 1 2345678000

" Since we know the lengths of the other»two'Sides, we can use
the Pythagorean Property to calculate the length of the
hypotenuse. We have:

B2 - (8-1)2+(6-22=-72 448 49 +16=65
and therefore '
‘ AB = 65

Now, using the table of square roots at the end of the chapter,
we find that AB 1is approximately 8.062.
Cbllecting what we have learned from this example so that
we can use it in other cases, we have: ’
1. Every segment AB 1is the hypotenuse of a right
' triangle having one horizontal side and one
vertical side. ) . '
2. The length of the horizontal sidc 1is the difference
of the X~-c¢oordinates of A and B. The length of
the vertical side is the difference of the
- ¥Y-coordinates of A and B.
-3. The P&thagorean Property therefore gives us:
2 )2 + (diff. of Y—coords.)e.

AB® = '(diff. of X-coords.

L .. é%i % 0

-~ .
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Exercises 19-8

The points ‘A, B and ~C are the vertices of rigﬁt

than

4

1 4

[E VN

348

1.

tr;angles. Find the lengths of the sides and draw the
'triangle in each case.

a. A0, 6) B(8, 0) c(o, 0)

b. A1, 2) B(4, 6) c(4, 2)

c. A(1%, 3) B(2, 8) c(2, 3)

d. A(7, o). B(22, 20) c(7, 20)

e. A1, "2). B(5, 1) c¢(5, "2)

2. Find the distance between the points in each case, and
plot the points on graph paper. 1If the distance is not
an integer use the Squafe root symbol to express your
answer. ' -

a. (40, 0) and (0, 30) e. (1, 1) and (4, 5)
N b. (20, 0) and (O, 21) £f. (8, 8) and (32, 1)

Jd\& (2, 0) and (0, 3) g. (4, 4). and (74, 10)
/-/" d. (2, 0) ard (77, 0) h. (1, 1) and <<5,/7)
L; 3. Give common names for eéch of - the following: '

a§ NE) £. J/1°

\\ .

b. \V/7Z5 g. +/10,000

c. ~[1}—9- h. «/‘36 0

d. <169 1. J/32h

e. oo j. 289

4. Fi1l in the blanks with whole numbers. .

a. Since 2? = and 32 = , if c® = 6 then
¢ must be a number greater than and less
than

b. Since 82 = and 92 =" , 1ir c2 = 72, then
¢ must be:a number. greater than and 1less
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5. Locate each of the followlng be£Ween two consecutive
integers: (For example: 4 <19 ¢ 5 since 42 = 14
and 5° = 25.)

a. 5 e. 65
b. 10 £. 32
¢, /50 o 8. JIB _'
da. . lh. /1000

“woo

6. Using the table at the end of this chapter find approxi-
mations of the following to the nearest hundredths.

a. a7 }MQET"“”"”””““””
b. /50 ;

c. VT

d. /3055

e. 5096

"T.. - How iong a ladder 1s needed to reach the roof of a house
9 feet above the ground if the bottom of the ladder must
be 4  feet away from the side of the house?

8. On-'the map of Problem 7, Exercises 19-2d, find the
distance between: '
a. The ratlroad grade crossing and the home_plate of the
baseball diamond.
b.. The door 5f the church and the gasoline pump on the
" right. B ' ’ v . :
9. BRAINBUSTER. Usingvmathematical signs and synbols and
without changing the position of the digits, make a true
{ statement: 2 9 6 7 = 17. ,
(Hint: 'Use the symbol for square root.)

349 \
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'%Qr? -~ Summary.

“A coordinate system in the plane 1s established by choosing

a horizontal line (X-axis) and a vertical line (Y-axis) and

marking off coordinates on each line so that:

1. The point of intersection is the point labeled
O on pboth lines;
2. The same unit of distance is used on both lines

Such a coordinate system enables us to represent the location
of any point in the plane by a coordinate pair. The point of
intersection of the axes is called the origin and has coordi-
nates (0, 0).

The X-axls separates the plane into two regions called the’

upper half-plane and . the lower half-plane. The Y-axis separates
the plane into two regions called the right half-plane and the
left half-plane. The two axes separate the plane into-four

L4

- reglons called quadrants.

Points lying on the same vertical line have the same X-
coordinate Points lying on the same norizontal line have the

‘ same Y-coordinate

1s given by:

\

\
\

~ The points (x, y) fpr which 7y = bx 1lie on a line which
passes through the origin This line 1s called the graph of
the equation y .= bx. Such graphs enable us to do multiplica—
tlon problems graphically. ‘
The distance between two points which lle on the same

: horizontal line 1s the difference of their X-coordinates. The

distance between two points lying on the same vertical 1line is
the difference of thelr Y-coordinates. To express the distance
between th points when they lie in other positions we need to
know the “Pythagorean Property. :

The Pythagorean Property is: the square of the length of
the hypotenuse of a right triangle is equal to the sum &f the
squares of the lengths of the other two sides.

The square of the distance between two points A and B

.

(difference of'X—cbordinate's)2 + (difference of Y—coordinates)e.

. : 350
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“The poslitive number whose square 1s 5 1s denoted .
by 5 .(read: the square roct of five.) Square roots of
whole numbers from 1 to 100 are given to che nearest
thousandth in the table on pages 354-355.

19-10. Chapter Review.

'

Exercises 19-10

Fill in the blanks in Problems 1 through‘8, using answers
.. from the following list:

vertiqal IIT X-axis

! -upper . ~ lower Y-axis
X _ - IV ' positive
I : line = negative
Y . origin half-plane
hdrizontal

1. The-points (6, 2) and (75,.2) 1ie on the same
line. : '

2. The points (75, 7) and (75, "3) 1lie on the same
line. ' ‘

3 Points in the half-plane have Y-coordinates positive.

4, Ppoints in the left half-plane have =~ . coordinates

7

5. The graph of the set of points (x, y) for which y > x
' is a : '

-

6. The graph of the set of points (X, y) for which v o= 3x
' is-a ‘through the .o T~
'75 Except for one polnt, the graph in Problem 6 lies entirely .

in quadrants . and

B. The graph of the set of points (x, y) for which y = "2x
lies in quadrants and . '

351
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9. A certain point lying on the graph of y = x2 735
X-coordinate = 3. What 1s 1ts ¥Y-coordinate? -

10. Without plotting, give the quadrant in which.each point

lies: _

a. (7, 75) ' a. (78, 2)
b. (73, 7) e. (2, ")
e. (4,8 . £, (T2, )

'11. Find the distance betweer (2, 2) and (3, 2).

- 12. Find the distance between (716, ~5) and (24, 4).

13. Using the table at the end of the chapter, find decimal
approximations to the folliowing square roots to the
nearest thousandth:

a. /83
- b. V2T
c. 81 )
d. 121
T % e, /U189

14. In a certain rectangle, the diagonal is only 1 inch
longer than the longer side. If the longer side is one -
, - foot in length, how long 1is the shorter side?

'19-11. Cumulative Review.

r

*»

Exercises 19-11

1. ‘The vertices of a quadrilateral are the points ( %, 3),
(o, 0), (4, 0), and (0, 3). Plot these points. Find
the lengths of its sides. What kind of quadrilateral
is 1t? ' '
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2.

..

6.

In triangle ABC, AB = BC and m. ABC = 70,

Find the value of

a. ’,1+2+'(%—)+%-

2 -2
b T(5)

c. T(R) <

- Arrange the following set of numbers in order, from

smqllest to largest.
(10, o0.001, ~1.1, 0.01, 0.009, ~1.099}

' 9 35
Whlch is larger? i5 Or I%

 Subtragt T20° from 30, then divide the result by 5,

then multiply this quotient by 2, and then divide -
by 20. :

"If a number is represented by 2n - 7 , find its value

. 3
when
a. n = 0
b. n="1
¢c. n=25

An oil storage tank is in the shape of a rectangular prism,
15 ft. long,” 12 ft. wide, and 9 ft. hign. How

many loads of oll must a truck carry to fill the tank?
The truck is a circular cylinder which 1is 10 feét long,
and whose radius is 3 feet. (Use W = 3.14%.)
B

a. find mdl¢C

b. find miA

© ¢. what kind of triangle is A ABC?

A circular cylinder is 3 ft. high and the diameter of its

base 1s 5 ft. (Use ® = 3.14.)

‘a.. How many cublc -feet are in its volume?

b.- How many square feet of total surface area does
it have? ) L |
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TABLE
SQUARES AND SQUARE ROOTS OF NUMRBERS

_ Square : Square

No Squares roots No. Squares roots
1 1 ©1.000 26 1,296 6.000
2 4 1.414 37 1,369 6,033
3 9 1.732 =3 1,444 6.164
y 16 2.000 39 1,521 6.245
5 25 2.236 4o 1,600 6.325
6 36 2.449 41 1,631 6.403
7 4g 2.646 42 1,764 6,431
EX 8 . 64 2.823 43 1,349 £€.557
9 31 3.000 hy [ 1,936 . 6.633
10 100 35.162 I 2,025 6.703
11 o121 3.317 46 2,116 6.732
12 : 144 3,464 47 2,209 6.356
13 169 3.606 43 2,304 6.923
14 196 3,742 49 2,401 7.000

15 225 3.37% 50 2,500 7.071 -
16 256 Eolelo) - 51 2,601 ' 7.1%1
17 289 , haes 52 2,704 7.211
118 - 324 b, 243 5% 2,309 T.280
19 361 4.359 54 2,916 7.345
20 ‘400 4 472 55 z,025 7.416
21 ' 4y 4,583 56 3,136 74533
22 48y - 4 .690 57 3,249 7.550.
23 529 . 4,796 58 3,364 7.616
24 576 4.899 59 3,431 7.631
25 625 5.000 60 3,600 T.746
26 676 5.099 61 3,721 . 7.310
27 729 5.196 - 62 %,344 73T
28 784 5.292 62 3,969 7.937
29 841 5.235 64 4,096 3.000
130 900 5.0477 65 4,275 3.062
31 < 961 5.5673 66 h,356 3.124
32 1,024 5.657 67 I, 439 3.1735
33 1,039 5.7 643 h 62l 3.2h6
34 1,156 5.331 69; | 4,761 3.307
35, 1,225 5.91€ 79’ 4,900 3.367
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Square Square

No Squares roots - No Squares roots
71 5,041 8.426 86 7,396 9.274
T2 5,184 8.485 87 7,569 9.3227
7> 5,329 8.544 88 7,74 9.381
T4 5,476 8.602 89 7,921 9.434
() 5,625 8.660 90 8,100 9.u487
76 5,776 8.718 91 8,231 9.539
7 . 5,929 8.775 92 _ 8,464 5.592
78 6,084 8.832 S3 8,649 9.644
79 6,241 8.888 94 8,836 9.695
180" | - 6,400 8.944 95 9,025 - 9.747
181 6,561 9.000 96 9,216 9.798
82 6,724 9.055 97 9,409 9.849
83 . 6,889 9.110 98 9,604 9.899
84 | 7,056 9.165 99 9,801 9.950
85 .‘; 7,225 9.220 100 10,000 ‘ 10.000

| < \
- \
\
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Chapter 20
REAL NUMBERS

' 2011. Real Numbers as Polints on the Number Line.

In your eaflier_work you learned to use the number line
TJto‘give the lengths of segments.  Now recall how this is done.

_:Here 1s a segment AB. A

A
. .To £ind the length of this segment, open a compass and‘place
"' the needle at A and the pencil point at B.

f Then move the ccmpass so that the needle and pencil point fall
;-on the number line with the needle at the origin and the pencil
point to the right of the origin. S

ﬂ;The number corresponding'to the point at which the pencil pcint
falls,tells us .the length of the segment AB. In the case
shown that length is 5.

- 357
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In pafticular if we choose a point P on the number 1line
then the number corresponding to P 1is the length of the

segment OP.
.0 p
1 1 v (\1 1 1 1 ¢ |
2 - o i 2 3 a4 5 6 7

By now this must seem very obvicus but it leads to a very
important conclusion, If every segment 1s to have a length,

then for ever,” polnt on the number line there must be a
ccrresponding number. (Perhaps we should only say that every
point to the right of the origin must have a corresponding
number. But thén if every number 1s to have an opposite;, the
points to the left of zero must have corresponding numbers
too.)

We are going to agree that every point 6n the number line
representéia number. (Probably many of you have been operating
Jnder this assumption ¢‘'ready. If you have, so much the '
better.) The set of numbers represented by the entire set of
points ow.the number line is callesd the set of real numbers.

" The only kind of numbers we have met so far are the
ratioral numbers (numbers that can be written as fractions %
where a and b are whole numbers and b # 0 ) When we
locate our rational numbers cn the number 1ihe dces every point.
have a rational number that corresponds to 1t? Are the set of
real numbers and the set of rational numbers the same? For
many years it was considered »bvious that they were the same.
We shall find the answer to these questions later in this
zhapter.

Real numbers can be added and subtracted geometrically by
the method we used 1in earlicr chapters. For example if «x and
y are represented by the points indicated in Figure 20-1a, ;hen

| 1
Pox 2 Y 3 4

Figure 20-1e
358
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X +y 1is found as shown in Figure 20-1b.

L

X +Yy

e
-
—
-
—

Figure 20-1b

The difference x - y 1s shown in Figure 20-lc.

I
b . x-y
. y
1 | 1 L t ]
-2 | T - 0 1 2 3
‘- ~

Figure 20-lc !

The set of real numbers is closed under additlon and subtraction.

2 There 1s also a geometrical method for multiplying and
dividing real numbers, but tnis method is rather complicated.
However, the set of real numbers 1s also closed urder multipli-
cation and division (except for division by zero). The
commutative, associative and distributive properties also hold
for thé operations of addition and multiplicatlon on the real
numbers.

Exercises 20-1

1. On the numter line telow locate the points corresponding

. to x+vy, ¥y - x, 2X, X 4+ 2z, -, -, Bz,
_;L___L, SR TSN NN SR | 1 1 1
-3 -2 -1z 0 ly 2 x3 4 5 6

2. On the number line below locate X + ¥y and X - y.

2
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3. On the number line below can you locate x + y or
x - y? Explain.

—
»”
~

20-2. Locating Numbers on the Number Line.

fn an earlier chapter we learned how tg %ocate on the
number line numbers expressed in the form % where a and
b are whole numbers. Let us recall how this can be done.

To locate % on the number line we take a ribbon or strip

of paper 4 ‘units in length,

ok
W
FY

1
-1 0 |

fold it into three equal parts,

b

] 1 1
=l o 2 3 4

whd—> 4

- The point where the {lrst crease falls is the location of the

number 3 "

{7 30
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Here 1is a‘sémewhat different problemi In the last chapter
we found a number n whose square is 2 (that is n-n = 2).
This number is called 2. Let us try to locate fhis number
on the number line. First we construct a coordinate plane \
using our number line as’ X-axis.

Next, draw the segment Joining the points A (0,1) and
B (1,0). Now these points A and B together with the
origin (0,0) form the vertices of a right triangle.

14a (0,0
\\\\ (1,0)

. M .
| 2 3

D

By the Fythagorean Theorem the length, n, of the segment &B
satisfies the condition that |
n-.n=121-1+1"-1
or
n-n = 2.
Now ‘we may use the compass to transfer this length n onto the

number line.

Ol
H

The poirnt at which the pencil point falls is the point which

corresponds to ./Z. )
' 361
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g Exercises 20-2 -

1. From the relation 12 4+ 2° = 5, show how to locate /5

on the number line.

2. From the relation 22 + 32
on the numberbline.

13, show how to locate ~13

3. The relation 1 + 5 = 6 could be rewritten as
12 4+ (\/3)2 = 6. Use this relation together with the
result of Problem 1 to locate v/6 on the number line.

4, Use the geometrical method of adding real numbers to locate
5o+ J1E.
5. Use the geometrical method of subtraction to locate

V5 - J/13.

6. The picture at the.right has
been made using right angles
and‘ségmentsaof length 1.
Use the Pythagorean Theorem
to check that the lengths of
the other segments are as indicated.
Make a careful copy of this plcture
On:your paper and continue the process until you have

drawn a length to represent 10.

20—3. Irrational Numbers.

In the last section we located on the number line the
number V@?. This is a number n . for which n2 =2 or
“n.n =2: In this sec¢ctiorn we shall try to find out whether
this:number n is rational. If n 1s rational, then n can
- be expréssed as a fraction in simplest form. This meztrs that
there are whole numbers = and b wlth

n=2

_ b
and with a and b Having no factors in common. {This .£ wnat
we mean by simplest form.)



'l-Now if n =i% and n-n =2 this méans that

L)
a a _ a-a _ . . _ e
5 T = 2 or 5D = © or a-a = 2-t-b
or—finally
a2 = 202 \

Now we see that if this number n 1s rational, then there
are whole numbers a and b which meet the following

requirements:

(1) a® =2

(2) .2 and{ b have no factors in common.

- If there are no numbers a and b satisfying these requirements
then n 1is a kind of number which 1s quite new to us; that is,
n 1s a number which is not rational.

It might be very difficult to find whether there are any
whole numbers a and b which meet the requirements '(1) and
(2). We certainly cannot check all possible pairs of whole
numbers. But we shall find the answer by checking whether a
and b could be even or odd. Thers are Jjust these four

possible cases:
‘I (a even, b even) III (a even, b odd)
TI (a odd, b even) IV (a odd, b odd)

We will check for each of these cases whether such numbers
could possibly meet requirements (1) and (2).

Case I . (a even, b even). Since a and b are both
even, they are both multiples of 2. This mi%ns that a and
b ‘will not meet reduirement (2) since they have 2 as a
common factor. (Case T 1s ruled out.

Cases IT- or IV (a odd, b even) or (a odd, b odd).
In either of these cases a 1is odd. Now when we write a2
as a-+a we see that a2 is the prdduct‘bf two odd factors.
This tells us that a® is an odd number. (Remember that the

product of two odd numbers is alwavs an odd number.) Now

T

1
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consider the whole numbers a2 and 2b2.
- a2 : 2b2
) -
Just shown to be a multiple of 2 and
therefore
odd ‘ even

The numbers a- *And 2b° cannot be equal since one of these
numbers is odd and the other even. Requirement (1)
a® = 2b° 18 not met. Cases II and IV are ruled out.

' Case III (a even, b odd). This is the only case not
yet ruled out. In this case, since a 1s even, we see that
(which is .a-+a) 1s the product of two even factors so
that a2 is a multiple of 4. (Do you see why the product of
two even factors 1s always a multiple of 4?) And the number

b 1s the prod.ict of two odd factors so that b2 is odd.
Now consider the numbers a2 and 2b2.
2l . , 2p°
Just seen to be 2 times an odd - number,
therefore
a multiple of T4 not a multiple of 4

The numbers a2 and 2b2, cannot be equal since one of these
numbers is a multiple of 4 and the other is not. Require-

‘ment (1) a® = 2b° is not met. Case III is ruled out.

— c———— e——

A1l four cases have been ruled out! This means that
there are no whole numbers a and b satisfylng requirements
(1) and (2). As we saw at the beginning of this section,
this means that this number n, or /2, '1s a kind of number
which’ 1s quite new to us. It is a number which is not rational.

Real numbers which are not rational are called irratichal
nuﬁbers. »

So far we have only seen one example of an irrational
number, namely /2. From this one example many other
irrational numbers may be found. It 1s easy to show (although
"we shall not do it here) that the sum of a rational number. and
an irrational number is always irrationzl. Thus 3 + /2 and

364
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. Jr'+ , etc., are irrational. Similarly, the product of an

irrational and a non-zero rational is irrational Thus
5.2, 22 and 2-YZ are irrational. Some other

- irrational numbers are V5, 7, M . 1In fact in a certain

sense there are many more irrational rumbers than there are
rational numbers. This may seem like a very astonishing
statement to you. Perhaps you will ask, "There are infinitely
many rationai_numbers, how can there be more than that?" The
sense in which there are more irrationals than rationals is
this: If you try to set up a one-to-one correspondence
between rationals and irrationals, no matter how you do it,
when the rationals are all used up there will still be
infinitely many irrationals left over.

We see that when we represSented rational numbers as points
on the number line, there were many "holes" or points to which
no'humbers were assigned;. When the real nunbers are repre-
sented.as poipts on the number line theve are no "holes". There
i8 a number corresponding to every point. We therefore say
that the real number system s complete.

A thorough study of the real numbers involves many
advanced ideas which are introduced in college mathematics.

‘In this chapter we give only an introduction to the simpler
ideas and we ‘shall attempt no further proofs.

Exercises 20-3

1. Draw a number 1line. Incldde numbers from 5 to 5. .Use

the letter A for the point 0 and the letter B for the
point 1. At B draw a segment perpendicular to the
pumber line and 1 unit in length and call it BF. Draw
AP. Wnat is the measure of segment AP ?

2. Use the drawing for Problem 1, and locate ~n the number
line points which correspond to /2 and ~(+/2). Label
the points.

365
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3. ‘pn_mhe number 1line locate and label the points which
correspond to the following:

a. ~ﬁ? + /2 c. J2 + 2
b. 3.2 £f. J2 -2
c. 3JF - g V7
a. V¥

o
4. which of thé points that you have labeled correspond to-

frrational numbers?

#20-4., Irrational Numbers and Infinite Decimals.

In earlier chapters we found how to represent any rational
number a8 a repeating decimal. Some examples are

33,

= 333 ... or .. %

' -
I

?Z 2857142857142 ... or ,27— .28571 42B5TIE .

Remember that the bars mean that continuing the process of
division will Just result in a repetition of the asame digits
over and over again withdﬁt end. For thils reason we say that
‘therge rebeating decimals are "infinite decimals".

You know that every rational number can be répresented as
a repeating decimal. The converse 1s also true. That is,
every repeating decimal represents a rational number. We show
how to find that number in the following example. Consider the

number

163 | N or .162162162

Now

1000 +( .I62)= 162.162162

or -

1000 +(.I62) = 162.762.



= 20-4

(Wé multiplied by 103 because the repeating block was 3
digits long.) Now we perform the subtraction below:

; 1000 - (.162) = 162.162
1-(T62) = 162 )
1000 - (.162) - 1. (.IB2) = 162 )
Then 1000. (.I82) - 1. (.I62) = 999 - (.T62)
so that ' "999 . (.1I62) = 162.
" Therefore
162 _ 6
.-1—6§=§9—9—?7' .

You may check thls result by starting with ;% and finding
*+ 1its repeating decimal representation. :

Exercises 20-4a

1. Write the products.

a. 10 x 0.9999 f £f. 1,000 x 0.615453%5
, b. 100 x 3.1212 g. 100 x 8.031515
¢. 1,000 x 0.035035. h. 100 x 312.3999
d. 10 x 16.666 1. 10 x 512.5997 |
e. 10 x 0.0044% J. 10,000 x 6.0123012%
2. Subtract in each of the rollowing.
a. 3128.999 e. 1.233333
. _312.899 0.123333
~ b. 9.999 g £. 354.545%
10.999 __3.545%
c. 162.162(62 g. 27075.075075
0162767 27.075075
d. 301.,010101 h. %16.47777
3.0101TT : 41 .64777

3. Find a fraction name for each of the following rational

" numbers written as repeatling decimals.
a. 0.555 ' c. 0.901301T

b. 0.7373 *d. 3.02333
367
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In the earlier sections of this chapter we 1e£rned how to
locate the number ./2 on the number line and we learned -that
this number +/2 18 not rational. Now we shall try to find
some kind of decimal representation for JZ.

When we located +/2 on the number line we found that it
fell at a point between 1 and 2.

Figure 20-4a

‘We can see that J/2 must be so situated even without the
picture if we remember that ~/2 1s a number whose square is
2. The number 1 has a squdre less than 2 while the number
2. has a sguare greater than 2.

‘If in Figure 20-4a we magnify 10 times the interval in

which 42 1lies, we have:

Sz .
10 4 12 13 14 15 16 17 18 19 20

Figure 20-4b

with the points corresponding to "tenths" indicated. The
number ./2 1lies between 1.4 and 1.5 since (1.“)2 = 1.96
which is less than- 2, while (1.5)2 = 2.25 which is greater -
than é.

Now, if the interval in which +/2 1lies in Figure 20-4b is
magnified 10 times and the points corresponding to "hundredths"
are indicated we have: '

VR

i J I
T T 1

*

b i $ : : i $
v T T T 1 L4

.40 141 1.42 143 144 145 146 147 148 149 1.50

Figure 20-4c¢
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The number /2 1ies in the depicteu interval since
(1.51)2 = 1.9881 while (1.22)% = 2.016%.

It can be séen that
‘ 1.41 < /7 < 1.hk2.

}We can repeat thls process as long as nur patience hclds
out. We show below the'steps performed above together with a
few addlitional steps. Dotted lines are used to show which

segmentc are being magnified.
}

b e B 4 —t ; } —
o .2 3T—-4L__3 ] 7 8 ] 10
s - . TS ——
Vi e
—t : et - ey
o 1 e _13-7 t4 5 16 17 18 19 20
/// \\\
”/ \\\\.
. .t ' t ' + =y
' 140 si4l 1427 T143—.144 145 146 147 148 149 150
/7 ———
/ ———
/ ~——
¥ ' t =+ : ¢ ===y
1.410 = 1418 1LAIE S~ 1.420
- —
/-/ - \\\\
/// ~\\‘
:a’ 4 o $ ' $ — t 3 4 \3‘1
l 1.4140 _ClLaa2 141437 T —— 1.4150
7 - — ot
- -——
R ST -
E——te : ' } 4 —+ ' t =y
1.41420 141422 1.41430

We see that
1.01421 < /2 < 1.41k422

since
(1.51421)2 = 1.9999899241
while

(1.41422)2 = 2.0000182084. . _A )

Ff%'
<O
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Continuing this process indefinitely would yield an
infinite decimal representing the number /2. This infinite
decimal has the property that it it is choppzd off after any
number of digits, the resulting number has a square less than
2, while 'f the last digit in thils chopped-off decimal is
increased by 1, the resulting number has .a square greater
- than 2. |

~ We can be sure that this infinite decimal is not a
repeating decimal since /2 1is not i1ational. Remember that
repeating decimals always represent rational numbers. Infinite
decimals which are not repeating represent irrational numbers.

The rule fd} finding the digits in the infinite decimal
representing /2 1is a rather complicated one. Here is a
non-repeating infinite decimal which has a rather simple rule
for finding the digits. '

SITT33TTI333TTTT33337.

You have.probabl& discoveréd the rule: one 7, one 3,

two 7's, two 3's, three 7's, three 3's, etc. We can
see that this 1s not a repeating decimal because the blocks
of consecutive 3's (or 7's) get longer and longer with no
longest block. 1In a repeating decimal there would have to be
a longest. block of 3's which would repeat over and over.

Exercises 20-4b

1. Arrangé'each'group of decimals in the order in which the
points to which they correspond occur on the number line.
List first the point farthest to the 1left.

a. 1.379 1.493 1.385 5.468 1.372

b. T9.426 T2.765 "2.761 75.730 T2.7R3

c. 0.15475 0.15%67 0.15LA% T0.15475 0.15593
370
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b4

2. In Proble& 1(c) which points 1lie on the following
\seémentsd
a. the segment with endpoints 1 and 2?
the segment with endpoints ¢ and 1?
the segment with endpoints 0.1 and 0.2?
the segment with endpoints 0.15 and 0.1¢%

J

T Q o o

the segment with endpoints 0.15% and 0.1532

» 3. Draw a 10 centimeter segment; 1label the endpoints O

and 1, and divide the segment into tenths. Mark and
label the focllowing points:
a. 0.23 . a. 0.6
<. b. 0.4%9 . 0.03
e. 0.30 . 0.95

4. Which of the following are:
(1) rational numters,
(2) 1irrational numters,
A(3) not designated clearly enough for you to be
avle to tell.
£. 0.3k73312

a. 0.231231 {
b. 0.231231123%1112% ... g. 52
c. 0.75000 n. /2 -5
d. 0.733423%2 - %%
e 0.959559555955559 ' -
e '2_
5. Express (&), (b),;and (c) as decimals to six places.

a. (1.731)°

(1.732)°

b.
6. (1.733)°
d Find the difference between your answer for (a) and
the number 3; find the difference between your
answer for (b) and the rumber Z; flnd the difrerence
tetween your answer for (c) and th: number 3.
e. To the nearest thousandth what is the best 1

expression for /3 ?
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Which of the numbers suggested is the better approximation
of the following irrational numbers? )

6. J3 : 1.73 or 1.74
7. 15 : 3.87 or 3.88
8. 637 : 5.2 or 25.3

9.  In the picturs below, a certain number x 1s shown in
repeatedly magnifiéd pictures (as was done for ./2 1in
this section). Give as many decimal places as you can in
the decimal representation of this number.

X
1 I A 1 n L . i 3 I |
F t +- ot ——+ —t
— ~
— ~
. - . \\
-— X ~
— ~
= i § 1 Il *—} ’ I3 L ] g
| T — //-' = H t —t
— \\\
- \\\
~
- x —
- T
P P i 1 L Il i —t e I I ~.
¥ t t T L =T — < —+ |
-
- ~N
— N
—
- ~
- ~N
—— X N
[Pkl S » ! -1 I e I I } Ny
- L] L Ll L ¥ v oy

< 10. Draw a repeatedly magnified picture representation for
the number ™ = 3.141
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20-5. Properties of Number Sy

stems.

.In the course of our work
properties hold true in the ra

‘We have observed the following

tional number system.

Additlon

Multiplication

Closure Property of
Addition

Closure Property of
Multiplication

Commutative Property
a+b=>b+a

Commutative Property
b -

a*b = a -’

Associative Property
(a +b) +c=a+ (b+c)

Associative Property
(a-bY-¢c=a-(b-c)

Identity Property of O Identity Property of 1
a+0=0+a=a a*l=1+-a=a
Inverse Property Inverse Property
a+ (-a) = (-a) +a=0 a- % = %- a=1
(for a # 0) -

a- (b + c¢c)

Distributive Property

a-b+a-c

Multiplication Property
Pais of 0] '

Order Property
For any numbers a and b, exactly one of the
following is true:
a<hb a =Db L < a
373
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All of'these properties also hold true in the rezl
number system and in addition the real number system has this
property not enjoyed by the rational numter system.

Completeness: For every point-on the numoer line

K there is a corresponding real number.

« An equivalent but less geometrical statement of this complete-

ness property would bve:

Completeness: Every infinite decimal represents a

real number.

During our course we have studied seversl number systems
besides the rational and real number systems. For all of these
number systems the closure, commutative and associative ‘
properties of additlon and multiplication nold true as do the
distributive and order properties and the identity property of
1. The remaining properties hold for some of our systems and
not others. In the table telow we indicate by v which
propertiess hold in which systems.

* SYSTEM

Identity Property of O

-Multiplicative Inverse

PROPERTY

Additive Inverse

< SIS

Multiplication Property
of O

37+
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We. see that the real number system and the rational number
"system both possess all these properties, but the real numver
- system has the completeness property as well.

Exercises 20-5

1. The set of integeis 1is cohtained in which of the following
sets of numbers? '
a. Counting numbers
b. Whole numbers
RN Non-negétive rationals
d. Rationals

-  e. Reals /

’

2.. Given the number 1, what 1s the next larger:
a. Counting number .
b. Whole number

~

¢. Integer
d. Rational number

3. How many of the following numbers are there between 73
and 67 '

a. Counting numbers
b. Whole numbers

¢. Integers

d. Rationals

e. Heals

L, 'given the number 1, what is the next smaller:
- &. Counting number
b. Wheole number
c. Integer
d. Rational number
5. Is the set of negaztive real numbers closed under the
operations of: <
a. Addition
b. "Subtraction
¢c. Multipllcation
d. Division
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2076. Summagx.

Every point on the ‘number line represents a real number.
Some real numbers are not rational.

Real numbers.whichAare not rational are called irrational.
JZ 1is irrational. |

Every 1nf1n1te“dec1mal represents a real number.

’_Numbers represented by repeating decimals are rational

Numbers represented by decimals ‘which do not repeat are
'irrational

20-7. Chapter Review.

4]

i, Exercises 20-7

L)
Which of the properties that are listed for the real
numbers hold for
a. the set of even integers?

b. the set of odd integers?

Which‘of the following numbers zre rational and which are

irrational?

The number of units in:
a. the circumference of a circ}e whose radivs 1is % unit .
b.. the area of a square whose sides are one unit long.
c. the hypotenuse of a right triapgle whose sides are

5 and 12 units long. .
d. the area of a square whose sides have length /3
units. )
the volume of a cylinder whose height is 2 units and
whose base has radius 1 unit.

‘f. the area of a right triangle with hypotznuse of length

2 units and equal sides.
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3. locate a +b and a - b on the number line below:

" N (. b

: | l‘ 1 1
68 4 3

1
"2 1 o0 | 2 .3

U N
a 5 o

-4, The iprrational number W to eight places 1s 3.14159265. ..
. An approximation which the Babylonians used for % 1s the
. ! ! =
interesting ratio .%%% . low good an approximation 1s

this? Is 1t as good as 52

"*5:‘,Nhat-rat10nal number 1is repreéented by .63E33

~

: 20-8. Cumulative Review.

Exercises 20-8

1. B8ketech a number line and mark the points associated with

the numbers:

5 @, @, & @, ¢

2. Perform the indicated operations and simplify:

2 ' 2 .3
a. 3 X % d. = =-7%

2 3 1 1 1
b. 3‘4'11- €.<§—-6-)+§‘

2 _3 ' ' :
c. 3-11'

%. Write as a_fractlon in simplest form.
a. 0.5
b. 12.6
c. 0.035
. 4. a. Find the product of J0.5 and 1237.1.
b. Find the quotient B1.9 — 0.72.

216 : 284
5. 1Is 176 equal to, greater than, orilessithan TET ?
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6. Simplify:

a. 20 . i a. o B
ey ¢
2 9

b. —— e —
10‘ =

710 : 6

c. ~—5 £, —

o}

1

7. 'ATanslate‘each of the following phrases into éymbols:
a. The number x subtracted from 28.
b. .Three times the number x.
¢. The product of 7 and the sum of 5 and a number x.

8. a. The measure of an acute angle is greater than
' and less than
'b. The méasure of am obtuse angle is greater than
and less than
o © ¢. The measure of a right angle is

9. Find the volume of a closet 7% feet high if the area of
the floor 1is 9% sq. ft. B

10. Find the area of the polygon
ABCD shown in Figure 1,

11. What is the area in Figure 2,
which lies in the interior of
the -large circle but in the
exterior of the two smaller
circles?
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‘”Chabter 21
SCIENTIFIC NOTATION, DECIMALS, AND THF METRIC SYSTEM

1-1. Laggg Numbers and Scientific Notation

. Deonald and David were playing a game with their younger
jster Penny. Donald started 1t by boasting, "I know bigger
Umﬁ;rs than you do." David replied, "I'll bet you don't.

n onald started with "a hundred." David gained the advantage
?;with "one million." After some thought Donald shouted "one
}fbillion"' That was as far as they could go, and Donald was
.. Just about to be declared the victor when 1ittle Penny spoke
T up with ?one more than one billion." The boys argued for the

. réét of the afternoon about who was the winner.

© Who do you think ‘was the winner?
. _ If you had been there, would yoOu have won the game°
2 What is the largest number that you know?
: ‘Do you know how to read the following number?

3,141,532,653,589,793

" Although we enter the commas from right to left, we read the
numeral from left to right according to the following diagram:

[
o
Tt
— c (o}
— o c c c
i o o o ©
=~ — ot ol /2]
kel — — — >
- @ ol — — o
3 o« | 9 ot od i
o +L o g 2
k) o kel o o
o [ o ) @
£ £ £ £ [
kel (el kel el kel
o | £ o c c o0olc.c 0 c £ o c £ 0
c |5 o cC 3¢ c |3 0, {3 0 ¢ 3 O C
6 ]l ¥ 0 |jc » 0o P O|’ev O o ¥ 0
13,11 4 1,|5 92,16 53,[5 € 9,17 9 3

We réad this number as follows:
" Three quadrillioen, ’
one hundred forty-one trillion,
five hundred ninety-two billion,
gix hundred fifty-three million,
five hundred eightyénine‘thousand,
seven huhdred‘nihety—thﬁee.
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- In reading such a numeral:be careful not to use the word
"and." If you say "five hundred and ninety-three thousand,"
o - thefé_may be some misundersténding. If "and" 1s assoclated
.ﬂ o withléddation, the meaning is 500 + 53,000. If "and" 1s
' interprated as it is in irdinary English, {he meaning is the
~ two seéparate numbers, 500 and 93,000. Therefore, it is
" better to read 593,000 as "five hundred ninety-three thou-
sand." By omitting "and" you avoid being misunderstood. The
o word "and" is usually used to mark the decimal point; for ex- °
o ample, 500.093 ‘is read "five hundred and ninety-three thou-
' sandths." This use of "and" does not cause confusion since
. 500,093 means 500 + ,093. _
Actually, such rumbers as 3,141,592,653,589,793 seldom
occur., This does not mean that numbers of this size are not
ugsed, but merely that we rarely can count precisely enough to
use such a number, Probébly we would say that the number
countgd_is about éhree quadrillion, The population of a city
of over a million.inhabitants might be given as 1,576,961,
But this figure-is Just the sum of the various numbers com-
piled by the. census takers. It is certain that the number
. changed while the ceasus was being takén, but it is probable
L that 1,577,000 wpdid be correct to the nearest thousand, For
this reason there is no harm in rounding the original number
to 1,577,000. For most purposes we say tlat the population
of the city is "about one and one-half million." This can be
written: i '
Population of city s 1{500,000.

Recall that the symbol ® is used to mean "is approximately
equal to.,"
There are other ways of writing this number and there
are some advantages in doing this, A hint of how this can be
~done 1is given by our statement "one and one-half million,"
One million can be written: 1,000,060, or
(10 x 10 x 10 x 10 x 10 x 10) or 106. The notatlcn
10 x 10 X 10 X 10 x 10 x 10 can te read "the product of six
tens." The exponent 6 4indicates the number of tens used as
factors in the product. We can find the exponent by counting .
the number of zeros in the numeral 1,000,000. One and one-
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21-1 | S
7”"halr million ia the same as 1.5 X 106
Let us write 2000 wusing an ekponent - Since 2000 1s

v

2 x 1000,

) then 2000 can be wristen, in the exponent form, as

' 2 x 105, N
\

R Exercises 21-la _ \ o
' .1, Write the following as decimal numerals. A

..* a. one billion 4. one thousand \\\
/ b. one trillion e. ten thousand

Ce Oné.duadrillion ~ f. one hundred . -

- 2. Write the decimal numerals In Problem 1 in exponent rm.

3. Write each of the following, using an exponent.

~ a. 7000 . d. 14,000,000
s b. 50,000 e. 375,000,000
:&f. 3,000, 000 _ f. 480,000,000,000
4.;éComp1ete the following statements:
“a. 73500 = 75x __ 2 f. 5,700,000 = _? X 1o
p .*"b..;8,760,ooo =876 x 2 g. 5,700,000 = x 10°
c. 83,000 = __2 x 100 h. 5,700,000 = 570 x __?
d. 83,000 = _2 x 1000 *1, 420 = _?2 x 100
e.. 5,700,000 = 57 x _2__ *§. 321 = _2_ X 10°
The number 1500 "can be expressed 1n several ways:
150 x 10 or,
15 % 100 or,
1.5 x 1000 or,
1.5 x 10°,
* Sim: 1ar1y, 325 can be written as
' 32.5 x 10 or
3.25 x 10°.
s In each of these examples the last expression used 1s of
the form: ) :
(2 number between 1 and 10) X (a power of 10).

3

in the first case 1t 1s 1.5 x 10° , and in the second
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case 1% 18 . 3,25 x 10°,
A number 18 expressed in sclentific notation if 1t 1is
“written as the product of a number between 1 and 10 and
the. proper power of ten, or Jjust as = power of ten.
Both 1.7 X 103. and '10 are written in scientific
. notation. '

Exercises 21-1b
(Class Discussion)

1. Express each of the following in the form of
(a number between 1 and 10) x (a power of 10):
Example: 4037 = 4.037.x 103, :

a. 76 d. 8463 g. 841.2
b. 859 e. 76.4 ' h. 9783.6
c. 7623 ' £. 483.5 1. 3412789.435

2. a. Is 15 x 105 in scientific notation? Why?
b. Is 3.4 x 10’ 1in sclentific notation? Why?
¢c. Is 12.0 X 10° 1in sclentific notation? Why?

3. ‘Express the following in scientific notation:

a. 5637 . c. 3% million e. 613
b. 14 d. 27 f. 205
4, Express the gollowing in decimal notation, _
a. 3.7 x10° c. 5.721 x 10° e, 1.6'x 103
b. 4.7 x 10° 4. 1 x 10" £. 8.3 x 107
5. Round each of the following to the hearest thousand,
a. 6,400 . e. 675,123 e. 6,501
b. 6,600 d. 6,500 f. 6,499

Exercises 21-1¢

1. Write the rfollowing in scientific notation,

a. 100 f. 7832

b. 1000 g. 10 x 10°

c. 10,000 ‘ h. 781 x 107

df' 687 . 1. 600 x 10

e. 6,000 - =~ \ J. 3,000,000, 000
382
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“"2, “Write a,numeral for each of the following in a form which
' ‘does not use &n. exponent or indicate a.product.

a. 10° - e. 6.3 x 10°
b, 10° £. 436 x 10°
¢.” 5.83 x 10° g. 10
S omla, 3ax10t h. 17:3 x 10°
" 3. .Write the following, using words: '
C - &, 783 d. 362.36
b.. T,500,000 ; e. 284,63
¢.. 63,007 £, 4.256
4.1{Round‘each of ‘the following to the nearest hundred.
T a. 645 d. 70,863
b.s 93 - e. 607
c. 1233 £, 362,449

5. Express the answers in Problem 4 4n scientific notation.

1.

21-2, Multiplying by Powers of Ten.

‘Scientific notation makes certain calculations easier

and shorter. Suppose we wanf to find the value of the prod-
uct: i ‘

100 x 1000,

The first factorzis the product of two tens, or 10°,
The second factor 1is the product of three tens, or 103.
Then 100 x 1000 = 10° x 10°
= (10 x 310; x (10 x 1C x 10)
10 x 10 x 10 x 10 x 10
= 10°

Let us see if we can find a short cut to the above method

by looking at another example:

[}

1000 x 10,000 " which in sclentific notation 1s;

103 x 10% = (10 x 10 x 10) x (10 x 10 x 10 x 10)

10 x 10 x 10 x 10 x 10 x 10 x 10

n

= 107
In the first example we find that
| 10% x 10° = 10°
383
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and in the second example we find that

3 % 10" = 107,

10
ﬁhat_will be the answer to the following éxample?

102 x 10° = »

Did you discover that the exponent 5 1n the first exam-
ple is_thé sum of the exponents, 2 and 3? In the second
example, the exponent. 7 _1is the sum of 3 ‘and 4. In the
"~ third example, the exponent will be the sum of 6 “and 5, or 11,
' Find. the product of 93,000,000 and 10,000. In scien-
‘tific notation, this 1is:

(9.3 x 107) x (20%) = 9.3 x (207 x 10%)
| ' 9.3 x 10%t

I

Exercises 21-2a
(Class Discussion)

1. Multiply and express your answer in scientific notation.

a. 107 x 103 £, 10t % 10°

b. 105 x 10° g. 6 x 107 x 103
e, 10%x 100 h. 1023 x 10! x 10°

a. 10° x 108 1. 1000 x 1000

e. 10° x 102 j. 100 x 10,000

\

2.  Multiply And express your answer 1. sclentific notation.
4 .2 4

a. 5x 1€:x 10 g. 8 X 10° x 10" x 50
b. 500 x 107 h. 3.7 x 103 x 105

c. 2.3 x 102 x 103 1. 80 x 80 x 80

d. 8 x 103|x 5 x 10° i. 8,000 x 5,000

e. 9 x 100 x 102 x 6 k. 64,000 x 105,000

£. 4 x 103 x 25 x 10 1. 1,200 x 25 x 150,0C0"

3. Sound travels in air about one-fifth of a mile in one
second. Answer the following questions and express your
answere 1n sclentific notation. '

a. How many miles -will sound travel in air in one minute?
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distance equal to abcut 8 times ¢t

L. ' How many miles will sound travel in air in one hour?

A space ahip travels twenty-five times as fast as sound.

L_ Answer the following questions and express your answers
- in scientific notation,

a. How far will the space ship travel in 20 hours?
~b. How far will the apace ship travel in 100 days?

¢. How far will the space ship travel in 2 .years?
d, Could it reach the sun in one year? (The distance
gfrom_the earth to the sun is 33,000,000 miles.)

v Exerciges 21~-2b
Multiply, and express your answer 1r scientific notation:
a. 6x 10 x 10° e. 10° x 10° x (.63
b, 1013 x 12 x 10" ©f. 60 x 60 x 60

. c. ,104 X 3.5 X 107 g. 3.3 X 107 x 10-

d. 300 x 10°

‘Write in scientific notation and multiply:

a. 3,000,000 x 70,000

b. 125 x 8,000,000 . -
c. 25,000 x- 186,000

d. 1100 x 5 x 200,000

The distance from the Nirth Pole to the equator 1s abgut

10,000,000 meters. -

a. Express, in meters, the distance around the earth
through the Poles in scientific notation.

b. A meter is equal to one thousand millimeters.
Express in scientific notation the distance in milli-
meters from the North Pole to tne South Pole.

c.'IOne inch i1s about the same length as 2% centimeters.
About how many centimeters will equal a- distance of
40, 000 feet?

The distanee around the earth at the equator 1is about
25,000 miles. In one. second, eles;;}city'travels a
at around the earth
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at the equator. About how far wlll electricity travel
in 10 hours?

5. The earth's speed 1n its orbit around the sun is a 1it%le
iess thatn seventy thousand miles per hour. About how far
does the earth travel in its yeariy Jlourney around the
sun?

& BRAINBUSTER: Suppose you have the task of making ten
million marks on paper and you make tso marks each sec-
ond. Can you make 10,000,000 marks in (60 x 60 x 24
x 365) seconds?

How much time 1is this?

21-3. Dividing by Powers of Ten.

You ¥now 103 x 102 = 102, and 103 x 10" = 107. can

you ¢ell 1n words how you multiply two numbers which are ex-
pressed as powers of 107

The next exer:1se will help you discover a simllar rule
for dividing two numbers which are expressed as powers of 10.

Exercises 21-3a

L .
1. Let us divide 10 “y 10 and express the guotient as a
powe~ of 10:
4
10 _ JO0 %10 x 10 X 10 _ ,

0 - i0 -
6 .
1qa 107 _ 10X 10 x 10 X 10 X 3¢ X 10 _ o
2. Divide 102 = 10 %< 10 :
3 100 .
10E

"short-cut" method to get your an-

4, Have you discovered a
swer other than @ . cuipanded Lorm used 1n the {irst e~
ampie? Did you noti-e that the exponent of 10 in the
quotient is zlwavs the difference which results when you
subtract the exponent of 10 in tie denorinatecr from the

exponent cff 10 1in the numerator?
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y
10 (4-1) 3
ic = 10 = 10

6
}_0_2 - 10(0—3) - IC“
10
. N
193 = 10(773) _ 07
10

5. Divide 107 ny 107,
o)

1_0.1 = 9
10°

6, Express each answer as a power of 10.

10" S
TU .
10° _
1o '
109 _
10
10 _
0 =
It seems natural to answer the last question by writing:
16 _ 0
o = 1O
This answer follows the pattern of subtraction of expon-
£nts since . 1 -
L L R L
10
It 1s also true that
10 _ 4
10

Hence if we wish to use zero as an exponent we must de-
fine 100 as 1 .

Let. as divide 10O by 10.

109 1

¢ = 16

"If the pattern of erxponents is to continue. we expect
the next exnonent to be 1 1less than 0., You krnow
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that 0 - 1'= "1. It seems reascnable tc define

10 1 as 7%@

Now divide 10 1 by 10.

1 i 1 1
+ 10 = X = =
10 10 10 10°

If the pattern of exponents 1s to continue, the new ex-
ponent shuuld be 1 1less than -1, or 2. ‘Therefore we

want to define

2 1 1

10 as —s or ———
10 100
It is important to notice that the number 10 2 is not a neg-

ative number. It 1s a positive number, T%ﬁ .
Definition: If n 1s a counting number

10 ? means — .
10
This definition and the definition of 10o enable us to
write the powers of 10 as illustrated:

108 103 | 102 | 10t 1091 101 10° | 103
10,000 | 1000 = "N 10 1 ’11‘6 IZIEZS 1—%;06

Exercises 21-3b

1. xpress each of the following using negatlve expcnents:

a 1 g 1
10, 000 3
b. T—=mAE TR 1
1,000, 600 h, L
1%
1 107~
c. =
10! 1. .1
d. —lz J. .0001
1C
1 k., .001
e. =
10° 1. . 00001
P .
© 100,100
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" @1=3

:2; Expresé each of the fellowing 1in fractional form:

a. 10° e. 107

b. 100 e, 10 11

c. 107 e, 10 °F
" 4. 10° h. 10 227

3, Express each of the following as a decimzl numeral,
a, 10 2 c. 10 1
b, 100 d. 10"

L, Express each of the following as a power of 10,

100 g 10 - 10
a.. 9y S 00 e ;gﬁ
P
< 10 1000 10°
b. 5 €. 1000 P. 1000
103 . 10" . 1000 _
c IS? S| * 1,000,000

qu know that 0.4 means %6 , and that 0.004% means
1000 * What does 0.¢2 mean?

B o X e _ 40 2 42
0.%2 6 ¥ 7An = Too * Teo = o6 -
o 693
%n a similar way, 0.F337 = 10.000
In Section 21-1, yru uced rzioys Dol o wnulon, L0 aMprers

large numbhers. Now you are prepared to write small numbers
in scientific notation.

Example 1. ‘rite 0,006 in scientific notation.

4 L 1 3
0.00% = sgmp = —x = * X —— =1 x 10~
1090 463 107
Example 2, Write C.0000" irn solentifis notation,
R SR 1oL T
0.00C07 = 100,000~ - * T x 10
3¢
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Example 3. Write 0,42 1in scientific notation.

. b2 b2 x 10 10, 1
0.42 = 156 = —“106 ~ = “+2 X g5 = %2 X 79
=42 x 101!
Our purpose in writing 42 as 4,2 x 10 is to secure a

number between 1 and 10 for the first factor. Then %85

1s writter in exponent form for the second factor.

-

Example !. Write 0.16 x 10 * 1n sclentific notation.

0.16 x 10 7 = 0.16 x —p =
10
1.5 1 . 1 1 5
22 X~ = 1,6 X =16 X—===1,6x 10
1 10" 10 x 10 102

Look &t the preceding examples. Notice that .42 , .00k,
.00007, 0.16 x 10 ' are smaller than 1. When they are
written in sclentific notation, the exponent of 10 is al-
ways negative, This is true for any rumber hetween O ani
1.

When a number equal to or greater than 10 1is expressed
in sclentific notation, the exponent of 10 is positive,

For 1 , or any number between 1 and 10 written in
scilentific notation, the exponent of 10 1is zero,

Examples:

Tn
For a number between O and 1 , as 0.03 = 3 x 10 -,
' the c¢xponent of 10 1s negative.
For a number between 1 and 10, as 3.4 = 3.4 % 100,
the exponent of 10 1is zero.
For a number 2 10 , as 13 = 1.3 x 101,
the exponer. of 10 1s positive,

We do not attempt to write numhers less than zero in

sclientific notation.

Sciencific notation 1s useful in comnaring numbers.
Which is larger
L
9.803 x 10°  or 1.2 x 10" @

At first glance it appears that the riumber on the left is
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larger since 9.803 1s greater than' 1.2,

But  9.803 x 10° = 9,803

and 1.2 x 10° = 12,000
Which 1s actually larger? Both 9.803 and 1.2 are numbers
between 1 and 10 but 9.803 1is nct 10 times 1.2. The
factor 10° 1is 10 times 10°. Hence the second factor con-

- trols the size of the number.

Thus 1.2 x 10" > 9.803 x 10°
Similarly .6 x 10° > 5.932 x 10°
2.3 x 100 » 8.6 x 107 _
5.962 x 10 * > 6.854 x 10 °

When two numbers are written in scientiflc notation the

one with the grezter exponent 1s the greater number,

Exercises 21-3c

1. Wrilte each of the following in sclentific notation.
1

a, 0,093 f. —
10°
b. 0.0001 g. 0.,700€
1
c. 166 h 0.000000907
d. 1 i,
e. 0.00021 J. 0.0045

2. Write each of the following In decimal notation.

a. ~.3x 10 ° e. 7.065x 10 3

b. 1.07 x 10 ! r. 10

c. 10° g, 14.3 x 10 7
"4, 5x10° h. 385.7¢ x 10

3. Write each of the fulliowing in sclentific notation.

a. 63 x 10" e. 362.35

b. 0.157 x 10 7 F.o10 O x 432

~. 0.000002* ¢. ©.00000000305
4. 5.265 x 10 7 h. Fo.5 x 10 X

l...,
L. \\'
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‘b, PF111 in the blanks in the following to make a true sen-
tence. Notlce that in some cases scientific notation is

'NOT used.
"4, 0.006 = 6 x 10
b. 0.000063_ =[x 10
c. 0.0004015 = 4015 x 10—
4. 6000.0 = 0.06 x 10—
e. 0.213 = 2.13 x 1003
£f. 0.213 =213 x 10—

g. 0.213 =i_Jx 10 >
h, 0.213 =j ]x 10

5. By inspection repiace the "?" by one of the symbols >

or <.

a. 8x10" 2 8x 103

b. 8x10"° 2 8x103
c. B8 x 107 7 2 X 108

4. 7x10° ¢ 9x10"

e. 9.99 x 10° ? 1.01 x 10
£, 2.46x10° % 3,42 x 10 °
€. 3x10° 2 1.4 x 10!
h. 5.5x103 2 6 x 10 2

f. 3x.10° 7 4 x 10!

f. 2.79% 10° 7 3,1 x 10°
6. By inspection, tell which of the following are:
1. number: between O and 1.
1i. numbers between 1 and 10C.
i11. numbers greater than 10,

a. 2 x 10° c. 107

4

b. 10 d. 2 x 103

1 holt 392
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1. 1.2x101
x5, .12 x 10!
k. 21.43 x 10 !
*1, 0.3 x 10°

e. 4.5 x 100

£, 1.2 x 107

g. 8.02 x 103

h. 8.02 x 10 '
21-4, Multipli~ation oI

Large and Small Numbers.

10

2 x 10 4

393
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You have a..realCr 2! ip‘ .ed numbers such as 103 and
= 2
105 by using adaitise & 12 » 107 = 103*5 = 1c°.

- You also know tle _meapiog : U negative expenents. Sometimes
'problems like 14U 5 N or 105 X 10 3 arise., Suppose
we study some exampl-.y

Zxgra.ses z2l-4a
(n1as3 ‘... ssion)
1. Mutliply 10 2 x 1C °
a. 10 2 x 10 3 = ﬂlg A Why?
1C i0
b. 15 X 13 = = 1 3 Why?
10 10 10”7 x 10
1 1 o
C. = Why?
10° x 103 10°
1 8 o
d. -5 =10 Why*
10
e. :10 5 x 1C 3= 10 8 From sters a to d
£ 5+ (73) = 2
g. In what easy way can the final exponent, "8, be
found?
2. Test the conclusion you reached In 1f. on this example.
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3. Consider the problem 105 X 10 3
a. 10°x 103 =10 x g Why?
10
b. 105><I(1)—j = Why?
5
10 2
. Tm = 10° Why?
10 7
N 3 ?
»d, 107 x 10 = 10 From steps a to ¢
e. In what easy way can the final exponent, 2 , be
found? :
4, Multiply 10 ° x 10°
a. 10 ° x 10° = - x10° Why?
10
1 . 3 ?
b. -5 X 10 = -5
10° -
o 00 _ 1
100 ?
1. o
d. =% = 10°
10~
e. 10 5 X 103 = 10? From steps a to d
f. 1In-what easy way can the final exponent, "2, be
found?
5. Test your conclusions on the following:
a. 10%x10 1t = 2 4. 10°x10 "% = »
b, 10" x103 = ° 2. 10 2 x 10° = 2
§ - .
c. 10' x 105 = = r. 10t x 100 = o
The same method of addition of exponents can be used
whether the exponents are positive or negative or zero. We
can use letters to say this brilefly.
108 x 10° = 10(@+P)

vvhere & &and b

are irtegers.

Mor:z complicated multiplication problems can

3¢

1 o
N

be done
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very simply ueing exponents.
Example 1: Multiply 4.3 x 10° by 2 x 10 °,

(4.3 x 2) x (105x10-3)
2

(4.3 x 10°) x {2 x 10-3)

8.6 x 10

-

_Examgle 2: Multiply and express your answer in scientific
notation.

(4.7 x 10 3) x (5.5 x 107) = (4.7 x 5.4) x (10 3 x 107)

25.38 x 100 3*7)
4

25.38 x 10

(2.538 x 10) X 10”

2.538 x (10 x 10%)
- 2.528 x 10°

Exercises 21-4b

1. 'Write the following products in scientific notation.

a. 102x102 e. 0.0001 x 0.007

b, 0.3 x 20 2 e, (5.7 x 10 3) x 10 7
c. 107 x10° g. 102 x 10 3 x 105
4. 0.04 x 0.002 h. 1012 x 10 7 x 10 ©

2. Write the following products in scientific notation.

© a. 0.0012 x 0.00002# d. 3 x 10 6% 10 *
- = . Ta
b. 6x10 [ x 9 x 103 e. 38 x 10 ° x 0.00012
c. 14 x 10 3 x 10 ° £. 0.000896 x 0.00635

3. Using scilentific notation £4nd the produccs of the follow-

ing:
a. 10,000 x 0.01 c. 107 x 10 23
b. 0.00001 x 10,000,000  d. 10° x 7 x —lg x 10
‘ . 10 10
”.V Multiply forty-nine thousandtns by seven and six hundredths
using sclentific nctation. Express ycur answer 1n

scientific notation,
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5. A large corporation decided to invest some of its surplus
money in bonds. If 11 million dollars was invested at
an average annual rate of 3%45, what was the annual in-
come from this investment? Use scientific notation in the
computation, and also express your answer 1in scientific
notation,

6. On a certain date the national debt, rounded to the near-
est 100 billion dollars, was 300 billion dollars.
Assuming that the government pays an average rate of in-
terest of 3.313 %, what is the number of dollars in in-
tere§t pald each year? Express the answer in scientific
notation,

21-5. Division of Large and Small Nambers.

The principles invoulved 1in division are much like those
you have been using. You are familiar with the division of

10° by 10" . The definition of 10°% as —la , where n
10

is a counting number, leads 1mmedlately to the solution of the

following example:

_ - € & p 3
10210 3 = 29 - 100 _ g 100 o 09
103 A 1
. 3
10

Exercises 21-5a
(Class Discussion)

1. Using ideas similsr to those used above, perform the
following:
a. 10 ‘s 10°
- -
b. 10 °+10 '
7 2
2. a. Divide 10 by 107,
- 3
b. Why 1s 10’ "¢ equal toc 10° *
I 2 ; T=2 3
¢c. Are 10" <+ 10 and 10 numerals for th. same
number, or different numbers?

3G
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3. a. Find 6 - (73)
b. Find 10°7( 3]
¢c. Use the 1llustrative example above to determine

6 T ("
whether 10 + 10 3 and 106 (3) are numerals for
the same number,

¥, a. Find 10 *75,
b, Is 10 * . 109 equal to 100 "~5)% yny? (You found
the first number in 1(a).) -

5. 1Is 10 2:10 7 =10 2 " 7)y

- The pattern that you developed in thc exercises above is
always true. In general,

102 a -b)

_ 1of
5 - 1

10%+10° =
T 10
E"’/where a and b are integers. .

This result allows you to do a subtraction problem in-
stead of a division problem when ycu are dividing powers of

10, PFor example:
1011 & 10 5 = 101t - (1 5) 2 1010

108:102-1038"-09 10

103 2409 =103-9  =-101°

Now extend the method to a more complicated problem:

(3.6 x 10 1)+ (2 x 10%) =i°—%0— Why?
2 x 10
-y
3.6 10
= 3.6, 1 Why?
2 100
=~ 1.8 x 10 1° Why?

Exercises 21-5b

1., Write in scientific notaticn.

a. 10° + 10° e. 10%% : 10

1087 = 1012

4

b. 103 +10 4.

193‘ A
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e. lOll + 1013 g. 106 + 1012
£, 1010 ; 100 h. 103 + 10"
2. Write in scientific notation.
a. 105 + 10_2 e. 1011 + 10_13
b. 1034+ 10! . 1020+ 10 20
c. 10%s10 " . g. 10° + 10 12
a. 10174+1012 h., 103 + 10 °
3. Write in sclentific notation.
e a. 10 7+ 10° e. 10 114 1023
b, 103+10 e, 10 104 1020
c. 10 s 10" g. 10 ¢ + 1012
a. 10 174 1012 h. 10 3 + 10"
4, Write 1in scientific notation.
a. 10 9+ 10 2 e. 103+ 10°%
b, 10 ¥, 10 £, 10 17490 12
e. 10 11s 013 g. 10 10, 1020
6 T12 - Ty

d. 10 °+ 10 h, 10 3+ 10
5. Write in scientific notation.

a. (6 x 10_5)+ (3 x 10_2)

b. (7 x 10 3) = 10"

c. (1.2 x 10%)+ 10 3
d. (2.4 x 10) +10 }

9.6 x 10
& T T 7
2.4 x 10
£ 7.6
1.9 x 103

6. F11l in the blank spaces with the proper symbol.

100 102 iy
. _46 46 ! 3
b. .46 = 100 Eé- = 46 x 10 = 4,0 X 1’\5




c. 0-03"1'8'6"“3?:? 3x 103 = 3z x 103

10
a. .350a%8-g6;350x1053 = 3.5 x 1002
e. 30 = o2Pn =150 x 10— = 1.5 x 10—
—
e g, k800 _ _ HB0O 4.8 x 10 = 2 x 106

24 % 2.4 x 10— 2.4 x 1023

7. A city governmenf has an income of $2,7(0,000 for

this
ear. The income this year represents 3 & of the total
y y p ;

value of taxable property. What 1s the total valuie ci

[}

taxable property? Use scienrtific notation Iin your compu-
tations.

8. A commuter pays $.40 per day for his fare, Is 1c rea-
sonable to expect that he will spend one millicn cents in
fares before he retires? Assume that he travels 250
days per y<ar,

"+G, At the rate of ten dollars per second, about how many 3Jays
will 1t “ake to spend a billion dollars? Assume that this
goes or 2% hours a day. f 1 day = 8.04 x 10" seconds.)

*10. The tax ralsed in a certain county is $1¢0,000 on an
assessed valuatior of $&,000,000. If M¥r Smith's tax 1is
$400, wha: 1s the assessed value of his property?

«11., It costs about 25,000, 00C to ezuilp an armored gdivision
and about $1%,000,000 to eguip an infantry division, The
cost of equipping an infantry division is what percent of

the cost of equipping 2n armered division?

21-5. Use ol Expcnents in Multiplving and Dividing Decimals.

You are famillar with the cperacions of multiplying ani
dividing tweo numpers in decimal form, The reason for the
placement of the decimal nolnt can te @xvlalined Ly using ex-

ponents.,

O

ERIC

Aruitoxt provided by Eic:
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Below are three multiplication problems:
a) 3214 x 16

b) 32.14 x 1.6
c) 0.0321% x 0.1€

_ Each problem is different but 'b) and (c) are very
closely related to (a). We can see the connection by using
exponents.,

b) 32.14 x 1.6 = (3214 x 10 %) x (1€ x 10 1)

2 x 10 1)

(3214 x 16) x (10

= (3214 x 1¢) x 10 3.

c) 0.03214 x 0.16

(3214 x 10 °) x (16 x 10 2)

(gfi:—:‘iz) x (10 5 x 10 2)
= (32D%=—1£) x 10 7

Each problem involves multiplying the whole number 3214

by the whole number 1, For this part of the computation
you use the form:

Example (a) 1s finished wh2n the product 51!?% 1s
found.
To find the product in ﬁbl one more step 1s necessary:
we have to multiply 51424 x 10 °,
3.1 _ 1 o 1 =L 1 1
Since 10 = = 103 T T000 “ 10 x 10 x 10 ~ 10 X 10 X 10 -
" Lo multiply by 10 3 means to multiply three times by 5
(or divide three times by 10). Each time that we multiply

51424 py %6 we make the place value of each digit 1%5 as

large. This has the effect of moving the digits a place to
the right. Three such multiplications by %; shift the

digits three places to the rignt,

51424, x 10 3 = 51,424
400
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To find the product in (c) we have a similar second
step, to multiply 51424 x 10 7 and so we move the digits
seven places to the right making: their place values smaller.

51424, x 10 [ = 0.0051 421

Exercises 21-6a

(Class Discussion)

Use the above procedure to 7ind each of the following pro-

ducts.
1. 6,14 0,42 v 3. ©049.3 x 14.68
2, 0.625 x 0,038 L, 11,4 x 0.0031

,-/~

Now consider division. Let us divide 14,72 by 6.{f

14,72 _ 1472 x 10 2 _ 1472 10 € = 1472  ;o(72 1)
6.1 61 x 10+ 61 10 % ..
; -
= 1472 X 10 1.
€1
First we dtvide 1472 by '.. This is an operation on
whole numbers. The resulit - ~oig npevatien 1o 24.13. This
part of the guotient 1is corr .iv_tc two decimal places. But
we must multiply 2%4.15 by 10 .
Hence,
72 - 2k13x 10t = 2.43.

The final answer for this problem is now correct to three dec-

imal places. Oncz again the exponent 1 1s used to fix the-

position of the decimal point in the answer. Note that powers
‘ of ten were used in such a.“fashion that actually we were

dividing one wholz-number by another whole number.

p—

Exercises 21-€b

~Y¥. Piace the decimal point in the products to make the
following number sentences true.

a. 6021 x 0.00003 = (£021) x (3 x 10 °) = 18063

401
o



b. 3.42 x 0,02 = (342 x 10 ) x (2 x 10 2) = ¢84

c. 2.5 x 3,000 = (25 x 10 Y) x (3 x 103) = 75

:d. 54,73 x 7.3 + (5473 » 10 >) x (73 x 1o~1) = 399529
e. 1200 x 0.006 = (12 x 10°) x (6 x 17 3) = 72

2. F1ll the blanks with proper symbols.
a. 4.2 =452 x 10! = 452 x 1003

b, 0,012 = 1.2 x 10 © = 12 x 1004

c. 65000 = 6.5 x 109= 65 x 103

d. 38.216 = 382.16 x 10 ! = 3821.5 x 10 2 = 38216 x 1001
e. 6.37 x 10" = 63.7 x 103 = 637 x 102 =L Ix 10°

3 x 10— = 30 x 10—
0.412 x 10 * = [0.__] x 10°

3. Complete the qucotients to make the followlng sentences

f. 0.003 x 1¢°

[

£. N}.2 x 10 3

true,
) 0
a, 0004 _ Hoo4 x lg = 3002 x 10° = 3002
0.02 2 x 10
. - T3 -
« b, Q2.366 _ 360 x 10-2 =61 x 10 ! = 61
0.06 6 x 10 o
3 -3 =
o
c. 0,084 - 54 % 103 = 7 % 10 G -
12000 12 x 10
) 1
4, —2=2 - 2X310°  _ 5010 x 10" = 16

0.00125 125 x 10 °

Exercises 2l-tc

1. Multiply using exponent notaticn. Give answers in dec-
imal notation.

a, 13% x 0,06 = c. 18,000 x 0.0003 =
b. 76,000 x 3,000 = d. ©.003% x 1,301 =

Hint: (7% x 1¢3)x(3 x 109)
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e. 6,000,000 x 0.C275 = f. 0.07 x 300 x 0.02 x 6,000 =

2. Divide using exponent notation. Give answers in¥decimal
notation,

a, 6.3.+ 0.3 , d. 963;%9

b. 0.78 + 13 e. 0,2770,85L02 3
c. g%;% £. 180072T.6

*3. How many pieces of popcorn each weighing 0,04 ounce does
1t take to fill &840 bags? Each bag contains ¢ ounces
of popcorn,

‘4. BRAINBUSTER. A space rocket can travel at 100,000 miles
per second, About how long (in years) will it take it to
vislt and return from a star that is 5% 1light years

wj—

away?

1 light year ® 6.3 x 102 miles :

1l year & 3,2 X 107 seconds

21-7. The Metric System.

The system of measures which 1s used most widely in the .
United States 1s called the English system. Some of the
units in this system are the inch, foot, yard, mile, pcund,
etc. In most other countries, the system of measures used 1is
the metric system in which the basic unit of linear measure
ig the meter. In the year 1789 a group of French mathe-
maticlans were called tégether to develop a simplified system
of weilghts and measures. They decided that since their system
of numeration was a decimal (base ten) system,'théy sHouid
have a decimal basis for their system of measures. In such 3
system there are basic units of length, area, volume, etc.
Other units are a power of ten tines the basic urit. With

such a system it is easy to cornvert from one unit to another
by nwuwltiplying or dividing by a power of ten.
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The French mathematlclans calculated
the distance from the Nortih Pole to the
equator on the meridian through Paris,

1
They took =m=—Fm==—Fr~ ©Of thls distanc: ™S S —
10,000,0QO Equator
for™*plyeir unit of length., By defining
the unit this way, they made 1t possible '
) . _ n
for the original distance to be deter 1 meter = 15,000,000

. mined again 1if the standard bar of unit
lergth were ever lost. They named the unit of lengtn the

meter. Later this definition was improved. -

A meter 1s a little longer than a yard., It 1s approxi-
mately equal to 39.37 inches,

Other units of length in the metric system are as follows:
For shorter distances,

1 decimeter = fb of a meter = 0,1 meter.

_ 1 1 1
1 centimeter = 10 of a decimeter or Tﬁ'x 16 of a meter

T%G of a meter = 0,01 meter

f% of a centimeter or

1 millimeter

%6' x (T%U of a meter) = Té%ﬁ of a meter

0.001 meter.

For longer distances,

1 dekameter = 10 meters
1 hectometer = 10 dekameters or 10 X 10 = 102 meters
1 kilometer = 10 hectometers or 10 X 10 X 10 = lO3 meters.

Many attempts have been made to persuade the United States
Government to adopt the metric system for generai use. Thomas
Jefferson in the Continental Congress worked for a decimal
system of money and measures but.g,cceeded only in securing a
decimal system of money. Viaen Jonn Quincy Adams was Secretary
of State, he foresaw world metric standards in his 1821
"Report on Weizhts and Measures." In 1866, Congress authorized
the use of the metric system, making; it legal for those who

LO&u
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wished to use it. Finally, in 1893, by act of Congress, the
meter was made the standard of length in the United States.
The yard and the pouﬁd are now officially delined in terms of
the metric units, the meter and the kllogram.

Exercises 21-7a

(Class Discussion)

1. What advantages doey the metric system have over the sys-
tems we use?

2. What difficulties would probably arise 1f we replaced our
system by the metric system?

The following table shows the plan of linear metric units.
Notice how useful the exponent notation 1s, 1n showlng rcla-
Abbreviations for the unit
names appear 1n the parentheses followlng each unit of length.

‘ tionships in the metric system.

1 millimeter (mm.) = 10_3 meter
1 centimeter (cm.) = 10_2 meter
1 decimeter (dm.) = 10 1 meter
1 meter (m,) = 10° meter
1 dekameter (dkm.) = 10! meters
1 hectometer (hm.) = 10° meters
1 kilometer (km.) = 10% meters

Notice that all the names of the metric unlts (except
"meter") use the word "meter" with a prefix. It 1is important
to remember these prefixes, because they are used also to name

other units of measure in the metrlc system.

Prefix Meaning
kilo 1000 or 10°
hecto 100 or 102
deka 10 or 10
1 -
deci o0 or 10 1
) 2
centl T%ﬁ or 10
1 °3
milli 1650 or 10

ey
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Zxercises 21~-7b

/
7

_ /
1. Tell how you change from a unit to the next larger unit in
~the metric system,

2. Tell how you change from a unit to the next smaller unit
in the metric system,

3. Complete each of the following:

“a. 1 kilometer = hectometers
b. 1 kilometer = dekameters
¢c. 1 kilometer = meters
d. 1 kilometer = ] . decimeters
e. 1 kilometer = cent.meters
f. 1 kilometer = millimeters

4, P11l in each blank with the correct numeral.

a. 5m, = ___  cm. f. 3.25m, = cm,
b. 200 cm., = - mm, g. 3500 m. = km.
c. 500 m, = _km, h. 474 em, = m.
d. 2.54% em. = ____mm. 1. 5.5 em. = mm,
e. 1.5 km. = m, . €.25m. = _ cm.
‘5. A meter was originally defined to be 10 10 of the
_ s s

distance on the earth's surface from the North Pole, to
the equator. Using scientific notation express the num-
ber of: )
a. meters in cthe circumference of the earth.
b. dekametérs In the circumference of the earth.

c. hectometers in the circumference of the earth.

With the recent advances in atomlc theory even smaller

and larger units are necessary in the metric system. The

following are now in use: !

Prefix Meaning .

mega 1,000,000 = 10%
1 _.a 6

micro m = 10

You may have read in the newspapers or heard on the radio
the term megacycle (1 million cycles). Another term which you
probably are fam!liar with is micron (10 6 m.). Have you

406
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heard of other terms using the prefix mega or micro?

Exercises 21-~T7c

Complete each of the following:

1. '11.11 meters = km,
2. 5.34 meters = cm,
3., 24.5 meters = km,
, " .52 meters = mm.
\5; 643,2 meters = km.
6. 202.2 meters = cm,
7. L.015 mm, = microns.

21-8. Conversion to English Units.

Since we use the English and metrlic systems in this coun-
try it is often necessary to convert from ore system to anoth-
er. \This 1s very important 1in many areas, such as forelgn
trade and foreign investments. To convert from one system to
another, we use the followlng racts:

1 inch = 2.5¢ cm. (exactly)
and '
39.37 in, s 1 meter
In terms of yards, this sayé that

39.37
22t

1 meter s yards, o

1 meter & 1.1 yards.

Since one irch 1s equal to 2.54 centimeters, the ratlo of

inches to centimeters 1s

258
Suppose that we want to change 5 1nches to centimeters.
wé want to find x , the number of centimeters in 5 1nches.
Then the ratio of 5 to x will be the same as 1 to 2.54,

This may be exprsssed by the proportion

number of inches - 1 _5
numbers of centlimeters 2.5%F ~ x
1.-x = 5. (2.54)
x = 12.70
_ 5 inches 1s -equivalert to 12.70 cm,
e oo

¢« Sy
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~ Exercises 21-8a
1. Express 9 1inches as centimeters.
Using the ratlo of inches to centimeters, we have

1 _3g
2.5 T x

2. Change 15 1inches to centimeters.
9

1 —
2.50 7

How do we change from centimetvers to inches?
3 - . _1
Again our constant ratio is 57E% .

Let us change 15.2% centimeters to lnches. Call y the
number of inches in 15?24 centirzters. Then form the ratio
of y' to 15.24% and the proportion:

1 _ ¥
2.54 15,24
2.54y = 15.24
15.24
y = 2.5
y =6 (6 1inches)

3. Hoﬁ‘can you change 27.94 centimeters to inches?

9
7T T 27.9%

4, Change 12,70 centimeters to inches.

?
-7

3}'

5. Can you change 5 feet to centimeters? Using the ratio
of inches to centimeters, what is the first step?

1

6. How would you change 9 yards to centimeters?

408
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1‘

Exercise 21-8b

Change each of the following English measurements to

-centimeters.

a. 8 1inches e. 9 feet
b. 24 1inches f. 1 yard
c. 19 inches g. 5 yards
'd. 27 dinches h. 24 feet

Change each of the foilowing metric measurements to
inches.

a. 5.08 cm. e. 30.48 cm.
b. 35.5 cm. f. 38.10 cm.
c. 17.78 cm. g. 7.02 cm,
d. 21.59 ecm. ~h. 13.97 cm.

Change each of the following metric measurements to the

. nearest yard.

a. 100 meters

b. 200 meters

c. 400 meters
d. 800 meters
e, 1500 meters
Convert each of the following meﬁFic meésurements to

miles. .

a, 10 kilometers

b. 50 Xilometers

¢. 100 kilometers
d. 500 wildmeters
e. 1000 kilometers
Mount Everest is approximately 29,000 feet high. Ex-

press this number 1in meters.

The distance from the earth to the sun 1s about 93 mil-
lion miles. What is this distance in kilrmeters?

409

B
.' -



21-9, 21-10
T. A common size of typing paper is 8% inches by 11 4nch-
es, What are:these dimensions in centimeters?

8. What i;’your height 1in
a. millimeters?
b. cehtimeters?
¢. microns? -

i

21-9, Summary.

A number 1s expressed In sclentific notatlion if 1t is
written as the product of a number between 1 and 10 and
the proper power'of ten, or as a power of 10,

Q]

10 1s defined s 1 .

If n 1s a counting number, then 10 D means —1— .

When a and b are integers, we have:
10% x 10° = 10(a + D)

When a and b are integers, we have:
a
107 _ lo(a - b)
10 .
In the Unlted States, we usually use the English system
of measurement, but in most parts of the world, the metric

system 1s used.
Conversions between the metric system and the English

system can be_performed by solving proportions using the
followlng facts:
1 1inch = 2.54 cm,

39.37  inchess 1 meter

21-10, Chapter Review.

Exercises 21-10

1. Using an exponent, write the following.

. a. 500 d. 567,000
b. 35000 e. 567,000,000
c. 50,000 f. 567,000,000,000
’ 410
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2. Write' 2 numeral for each of the following in a form which
does not use an exponent or indicate a product.

a. 10° ©d. 9.3 x 10°
b, 4,83 x 10° e. 536 x 10°
s . 3x10° r. 15.3 x 10°
3. Multiply and express your answer in scicntific notation.
a. 10° x 10° a. 109 x 10°
b, 6 x 10° x 108 e. 10 x 10°
¢. 10 x 10 x 10" £. 102 x 108

4, Express each of the following using negative exponents.

a. -1'6165 ' d. ’10,—(]500
b. Ii? €. l,OGO,éO0,000
. —2X _ f. —lia
10 1017
S. Express each of the folilowing as a fraction,
a. 101 4. 10 1°
b, 107 e. 10297
. 10 2 £.o10 792
6. Express the following products in scientific notation.
a. 0.1x 102 d. 2x 10%x1023
b, 0.04 x 0,003  e. 10,000 x 10
c. 102 x 100 x 10 9 r. 100,000 x 1,000,000,000

7. Write the answers using scientifilc notation,

a. 10"+ 102 4. 1c19+ 10°
b, 10M% s 102 e. 107 + 10"

;, .
c. 103 +10 " £, 1027+ 10 27

41 1“" ’;'
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8

Fi11l1l in each blank with the correct numeral.

a, 4m. = cm.
b. 100 cm. = __mm,
c. 500 m, = ___km,
d. 2.54 em. = _ m. i
e. 5.4 cm. = mm.
f. 5.25 m. = cm.,

- 21=11. Cumulative Review.

c 1.

Exercises 21-11

At the end of a game consisting of 5 rounds of play,
Oscar's score is 23 and Tom's score is 15. What is
the difference 1a thelr scores?

' Express as a fraction and then simplify: /
a. 243 e. 2.3 /
,
b 2.3 (3.3
c. % ¥ %' z. % - % .
o 33 o33/
Inserc one of the symbols 5, <, or = Dbetween

13 1
s and 5 so as to make a true statement.

Find the sum of 3, ~7, 12, "1, 0, 17, 12, and
"16.

Find the value of

a. (1.5) x 38 e. ‘%’(_3 + 75)
b. 9 x 0.4 £, T1c(%+77)
S | -
c. 6x & A X
d. "9 - {Tu) h. g-’ %
412
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6., Find the value of Xx which makes each of the [ollowing
sentences true,

a, 2x =18 , d. 1llx =0
b, x - 13 = T2 e. 13 +x =1
c. 7x = 3 f. 11x = 211l

7. How much time is there between 7:3% a.m. and 3:10 p.m.?

8. How many square yards of area does a chalkboard + fee
by 8% Teet contain?

cr

9, Find the area of the following figures:
a, a rectangle e. « right triangle

"4 - /

b, 4a sguare ’ d, a parallelogram

___'____J 4/

10, The circumference of a blcycle wheel is 75 1in. What 1s
the length of one of 1its spokes? (Use w = 3.1%.)

reis

L~
()
n
™
s
—
M.l
>
—

1»72 ™mm.

11, Ir 3% million comic bcoks are sold every day in thils
country, are more or less than a billion comlc beoks sold
every vear?

413
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acute angle, .
additlon
of negative nunber:s,

of raticnal numbers o ©
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additive lnverse, ZhHi, 200

adJacent angles, 81

altitude of a ~rlinder, 197

angle, 75
acute, 92
adlacent, “1
congiruent, 7O
corresponding,
measure oI, 77,
non-adjacent,
obtuse, Q¥
right, 92
supplementary, ¥
vertical, 273, =
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clrcle
arc of, 179
area of, 187

central angie of, &0
circumference of, 187, 15

concentric, 17k
deftnition of, 166, 1..:
diameter, 175
exterior of,
interior of,
point of tangency, 177
radlus, 156
tangent to, 17.
clrcle graphs, 219
circumlerence, 182, 1&:, Il
closure, #73, 373, 2L
commnutative properuy
of additlon, 2 3, ¢
cof multiplicat)
compass, use of,
completeness, 7!
concentric clrclice,
cone, 62
congruenc, O
congruent angles, v
converse, 111
coordinate geometry, -iov
coordinate palr, 52

coordinates in “he plare, ,
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distance, 131 ’\‘
between two parallel lines{ n32
between two polints, 330-33%, 3i°
to a line, 131
distributive property, 267,
division
by powers of ten, 356
of negative numbers, 2065-270
of rational numbers, 268-277
English system of medsurement,
i conversion to metric unttc,
‘equation, 20, 284, 256, 18
equllateral triangle, 108
error, greatest gosslble, 14
exponent, 38Q, 387, 38&, 3u0.
negatlve exponentc,
exterior of circle, 1™
fathom, &
root,; &
formulas, 287
frequency dil
- graphs, 208,
- bar, 20&
broken-1
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"half-line, ¢
negatize,
-positlve
half-plang,
Llelt nall-
slower ha
right
Cubpor
chand,
hectomener, 0. -
hexagon, :
Coregawian,
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isosceles triangle, 10V
angles 1in, ‘.0
iillometer, 404, 0%
lateral surface ol a oyllnder, Lo,
le{z half-plane, 311
length, £
of a circle, 131
same length, 2
standard units of, &
urnlt or, 2
lesa than, 243
light year, %423
line

distance between Uwo priluts onoa 1
through the orilgin, 31, 5&x-Z07
llnes in a plane, &0, Gk
intersecting, &o, ak
parallel, 80, 3¢, 1o:
skew, 80
lower half-plane, Z1il
mean, 2232 S
messure, o s
measure of an ang.e, j{,
median, 22% /
mega, LO6 i g
megacycle, &40¢
meter, G, 403, O L
metric system, ~03-LOF
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numbers
irrational, 362-365, 366-370, 376
negative, 244
positive, 243, 245
rational, 245, z72, 358, 366, 373, 2
real, 357-359, 365, 34, 3.6
obtuse angle, 92
opposite, 245, 254
order property, 373
origin, 242, 306, 307
pace, 9 ,
parallel lines, 80, 99, 101
parallelogram, 12%
altitude of, 139
angles of, 131
area of, 139
bases of, 140
opposite sides &f, 12&
pentagon, 123 .
perimeter, 21
perpendicular, 90
phrases, 279, 220, 296
pi (m), 185
approximations of, 18-
point of tangency, 17
polygons, 21, 123
hexagon, 123
pentagon, 123
quadrilateral, 1272
positive, 243
half-1line, 2&:
integers, 245
number, 213, 25~
rational nunter,
powers 27 ten
dividing by, P
multlipiying by,
preclsinn, 17
prism, lu#x
bages, o, 14
E.'dg‘; o a3y
faces oF, &4, &0 b
helght ot s
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quadrilateral, 123
radius, 166, 175, 200
definition, 166
relation to circumference, 18%
relation to dlameter, 175
range, 227
rational numbers, 245, 272, 353, 366, 373, I
addition or, 247-2hg, 232.25k
division of, 268-270
multiplication of, 260-267
negative, 239, 245
non-negative, 374
positive, 245
properties of, 273, 3.3, 37
set of, 245
subtraction of, 254-2%
real numbers, 3%7-35G, 35
reciprocal, 271
rectangle, 21
rectangular reglon, 3&
rectangular solid, 6
repeating decimals, 3¢€, 270, 276
right angle, 92
right half{-plane, 311
right prisms, lP“
right triangle, o 7, 2:7
ruler, 3
scalene trlangle, 108
sc'entific notatlon, -, L@ o, 0, S50
definition, 342
division, 396-3G"
multiplication, 39%-5'.
semi-circle, 180, 291
sentences, 29, TR
separatlion, on a
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symbols _ )
greater than), 243, 284
less than}, 243, 2By
equal to). 28«
approximacvely equal to), 380
pi), 185
.~ (square root), 345 '
table--squares and square roots ot numbers, 354-
tables for reference, 73
tangent lines, 177, 201
transversal, 96, 101
triangle, 107
altitude of, 1:5
area of, 145
base of, 146
equilat=ral, 1f
isosceles, 107
right, 337, 338
scalene, 108
sum of the measures ot the angles ot, 11&
vertices of, 107
union of circles, 171
upper half-plane, 311
"verbs", 284
=, 28
>, 284
<, 284
vertical angles, 83. &7
vertices of a triangle, 107
volume
meaning of, 53
of cylindrical solid, 9o
of prism, 152
of rectangular solid, U
whole numbers, 254, 37
X-axls, 307
X-coordinate, 320~ CI0)
nerative, Ui
Loodtive, “it
Y-axis, 207
Yecoourdinate,
negative,
pos ity
yard,
Lero,

LerD DPItIDerLy

& AV

[o%]

35

Un



The prel!
Mathematics

EES SN Sl P . .
- . 2
: Tl . R : .
. . - , ‘
. ' - ot . . e ' - .
Ve B . .
. R [N
. P

ERIC

Aruitoxt provided by Eic:



